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ABSTRACT 
Symmetrical two-dimensional nozzles were designed for the supersonic wind-tunnel, 
in the Department of Mechanical Engineering, using.both analytical and semi-
graphical methods obtained from the theory of Characteristics. These nozzles, 
designed for an optimum running time of 30 seco~s, ~~Mach number of 2,35. 
Boundary layer growth was considered by displacing the nozzle contours outwards 
by the equivalent displacement thickness, while keeping the vertical tunnel 
side walls parallel.·t/ n 
The five probe pitot calibration results, taken through the central vertical 
plane in the~el test-section, showed Mach number standard deviations about 
the mean of 0,638% and 1,004% for the analytical and semi-graphical design 
respectively. 
tunnels. 
These results compare ·very favourably with thpse of other wind-
Without pressure recover~ the critical flow pressure ratio through the tunnel 
for Mach 2,35 nozzles, is 2,53. Therefore it may be shown that the subsonic 
diffuser, and the silencer incorporated into it, is about 75% efficient. 
The analysis and modification to the existing settling chamber control valve 
yielded improvements in performance.~~ 
1. The maximum fluctuaticin in settling chamber pressure was kept to within 
5,5% for most operating conditions. 
2. Critical valve response was achieved by applying a suitab~e bvpass orifice 
to the damping cylinder - The valve settled down within nne second after 
flow had been initiated. 
A proposed variable symmetrical nozzle was examined for the feasibility of its 
application to the existing supersonic wind-tunnel. 
\ 
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mass flow rate of air 
mass of air 
Mach Number, V 
c 
Pressure 





Co-ordinates on the perpendicular 
X and Y axes 
Ratio of specific heats 
Constant = 3,1416 
Nomenclature applicable to Chapter 1: 
C+, C-, 
C* 
Characteristics in the physical plane 
~riticai speed of sound for isentropic flow 
Distance down nozzle from throat 
Critical Mach number 
Number of reflections 
Volume flow rate 
;QVl Reynolds Number )1 
Mach wave angle 
v 
C* 
Boundary layer thickness 
Displacement thickness 
Equivalent displacement thickness 
Diffuser Efficiency 














































Defined by equation 1.16 
Inclination of vector velocity to X-axis 
Characteristic Co-ordinates 
Settling chamber stagnation conditions 
Back or exit conditions 
Atmospheric conditions 
Test Section Conditions 
Stagnation conditions at points 1 and 2 
Initial storage drum conditions 
.Final storage drum conditions 




at inflectio.n point 
at exit of nozzle 
at nozzle inlet. 
Nomenclature applicable to Chapter 2: 
B Constant of integration 
BM Bending Moment 
1 
c Constant of integration 
D Constant of integration 1 
E Modulus of Elasticity 
f Deflection of beam 
) 
G Constant of integration 
I Moment of inertia 
Kl,2 Constants in beam theory 
Length of Beam 
RA,B Rea'ctions at beam supports, A and 8 
r Radius of curvature of beam 
t Beam thickness 
w Concentrated load on beam 
lJ1, 2 Uniform load on beam 
Nomenclature applicable to Chapter 3: 

























Constants; C 1,2,3,4 
6 
Constants 
Non-linear damping coefficient 




Valve coefficient of mass flow rate 
Nozzle coefficient of mass flow rate 
Stiffness coefficient {spring) 
Constant 
Constant 
Time scale factor 
Rate of change of Pressure 
Velocity in terms of displacement X 
Acceleration in terms of displacement X 
Defined by equation 3.8 
Phase angle-constant 
Static coefficient of friction 
Computer unit of time 
Variable storage drum conditions 
Initial storage drum conditions· 
Settling chamber conditions 
Desired stagnation conditions 
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8 
by mach lines, whereas, in the lattice-point method, the stream properties are 
found at the lattice points of the mach net. 
subsonic 
inlet 
expansion straightenin or 
section Bussman section 
SUPERSONIC NOZZLE 
Figure 
For the very rapid and accurate design of the nozzle contours, especially 
using a computer, K. Foelsh (/;)).n 1946 produced an analytical solution. He 
developed his equations from'fti;:;' theory of characteristics assuming that radial 
flow exists at the inflection point. (Figure 1). Similarly, Atkin~ based 
his analysis on the same principles, but included a straight section at the 
inflection point. 
Boundary Layer Growth 
As the motion of both viscous and compressible flows involve extreme mathemat-
ical complications, certain simplifying assumptions must be made. Prandtl (1) 
pointed out that for a fluid of low viscosity, the viscous effects are confinad 
to a narrow band near the solid boundary of the flow field, i.e. in the boundary 
layer. Outside this boundary layer, the fluid flow can be considered as 
perfectly isentropic. 
Nozzle profiles are calculated assuming inviscid flow; allowances must be made 
for boundary-layer growth by displacing this potential outline away from the 
nozzle centreline. There are many papers dealing with generalised boundary-
layers, but this approach is often undesirable in estimating the boundary-
\..v\\ ~ '( 
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layer allowances in supersonic nozzles. Tucker, Ruptash, Shen (1) experi-
mented with boundary-layers in 1952, basing their theory on Von Karmans (1) 
momentum equation. Rogers and Davis (4) drew attention to the more satis-
factory methods based on Reynold's Number and suggested suitable approximate 
formulae for turbulent boundary layer growth with moderate supersonic mach 
numbers. 
~· 
Altman \(§.}1 carried out an investigation on turbulent boundary layer growth to 
provide the necessary experimental results need~d to substantiate the theories 
compiled by Oosthuizen ~?The results compared favourably, but the limit 
on the range of Reynold's Number in•the test section restricted a complete 
comparison somewhat. 
Testing of Supersonic Nozzles 
Numerous publications offer methods of nozzle calibration. 
Harrop, Bright, Salmon and Caiger (6) designed and tested non-symmetrical 
nozzles, i.e. the nozzle contour was formed on one side of the tunnel only, 
the other forming the centreline. The mach number distribution was measured 
along this 'centreline' by means of a series of static pressure holes. From 
these data, they illustrated how the mach number distribution could be improved 
with slight modifications to the nozzle profile. Their theory of sonic flow 
at the throat of the nozzle was confirmed experimentally. The results showed 
the sonic line to be curved; this possibly having an adverse effect on some 
assumptions made in nozzle theory. 
Fallis, Johston, Lee, Tucker and Wade (7) presented more versatile calibrating 
techniques using pitG.t and static pressure rakes. They emphasised the greater 
-----degree of accuracy of the pitit,...readings over the static pressure measurements __..,,, 
and substantiated it with theoretical analysis. 
Supersonic Diffusers 
The high stagnation pressures required for ·supersonic flow has produced a neaj 
for a better understanding of the supersonic diffuser and static pressure 
recovery. 
10 
Following the lead of Crocco (8), who in 1935 delved into pressure recovery 
~shocks in divergent ducts, Lukasiewicz (8) presented a system~tic 
treatment on the design and performance of supersonic diffusers. He illus-
trated how the critical diffuser (one that just allowed a normal shock to 
propagate down the tunnel without choking the diffuser throat) enabled the 
stagnation or settling chamber pressure to be reduced after flow has been 
initiated. Comparative data, from many of the existing wind-tunnels of that 
time, were presented. Further pressure energy recovery entailed a variable 
diffuser so that the throat area could be decreased during the tunnel operation. 
maximum recovery was then possible when flow could be reduced~nic speeds at 
the diffuser throat. This technique would only be applied to continuous flow 
wind-tunnels because of the time needed for the diffuser adjustments.iJ' 
Types of Wind-Tunne~ 
Supersonic wind-tunnels may be classified into two main types; the continuo~3 
flow and intermittent flow type. These again would be sub-classified 
according to their design and principle of operation. 
The pheno~l power requirements, initial cost and subsequent running costs 
of the continuous flow wind-tunnel, make it prohibitive to most institutions. 
Hence the intermittent tunnel is favoured. 
Of the intermittent wind-tunnels, two types are commonly used: 
a) 
b) 
Vacuum storage drive allows air at atmospheric pressure to pass 
through the nozzle into a, iarge evacuated vessel. 
. ~~ 
Pressure storage driver,rel~ on the flow of air from a high 
pressure storage vessel thro~h the nozzle to atmosphere. 
(See Figure 2). 
The advantages of the blow-down wind-tunnel over the former are: 
1) The stagnation pressures are higher and controllable as well. 
2) The reduced storage volume for the same mass transfer of air, 
leads to a smaller d~ize. 
3) The compressor after~ assists in removing some of the 
moisture of the air. This, plus the increased air density 
allows a reduced drying unit size. 
I_ 
11 
4) The .overall construction is cheaper. 
high pressure 













SUPERSONIC BLOW-DOWN WINO-TUNNEL. 
Figure 2 
Settling Chamber Control Valve 
In a blow-down supersonic wind-tunnel, the settling chamber pressure must be 
kept constant while the supply drum pressure gradually falls. The control 
of this settling chamber pressure is achieved by means of a regulating valve 
which is preset to a desired stagnation pressure. 
Two types of valve are generally available: 
1) Butterfly or flap valve. 
2) Spool or piston valve. 
The latter is not entirely suited to the accurate control of the settling 
chamber pressure but is much cheaper and more readily available and adaptable 
than the preferred butterfly valve. 
The analysis of a regulating ~alve automatic system is important for its 
efficient operation./} 
ln recent years automatic control systems have rapidly been advancing in 
importance. The applications cover a wide scope, from precision control 
devises for inertial guidance, to design of massive equipment for control of 
~~ ~\~ 
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the manufacture of steel or other industrial process~ 
The theoretical solution of such control systems can become extremely tedious 
especially if non-linearities are present, as pointed out by Dransfield (9). 
The analog computer has become a very useful tool in solving these complex 
control systems. By simulating all the original control properties on the 
computer the performance characteristics of the system may be quickly and 
easily achieved. Peterson (10) indicates the limitations of the computer 










The super,sonic wind-tunnel in the Department of Mechanical Engineering, 
University of Cape Town, is intermittently operated by blow-down from a high 
pressure storage vessel. 
system and control. 
Figure 1.1 presents a schematic sketch of the 
The air is supplied by a twin cylinder Atlas Corpco air compressor, delivering 
130 cu.ft. per minute at 165 lbs. per sq. inch gauge. It takes approximately 
20 minutes to pump up the storage vessel to 150 lbs. per sq. inch gauge. 
The air is passed through a water cooled after-cooler when leaving the com-
pressor and enters into a small receiver. 
Moisture is removed as the air is passed through the water-trap and drier. 
This drier consists of two beds containing about 50 lbs. of silica-gel. These 
beds, designed to be used alternately, are regenerated by a small blower and 
heating unit. It is necessary to reduce the moisture content of the.air to 
prevent condensation in the tunnel test-section during a run. 
The storage drum has a volume of 165 cubic feet. To maintain a reasonably 
constant temperature in the tunnel during a run, it is packed with approx-
imately 1,200 lbs. of tin plate offcuts. These act as a thermal storage, 
giving off heat as the drum temperature falls. Hence, the total decrease in 
temperature is kept to within 25°F for a full run (11). 
The control valve is required to effect the rapid release and shut-down of 
supply air to the wind-tunnel and to maintain a reasonably constant settling 
chamber pressure. The double seat of this spool valve is necessary to 
balance the pressures acting across it, while the displacement control is 
achieved by a pressure ~ifferential across the flexible control diaphram. 
The wind-tunnel is divided into four main sections: 
Settling Chamber 
The settling chamber is designed primarly to reduce turbulence in the air 
stream before it enters the. supersonic nozzle. The air flow velocity is 
reduced sufficiently so that a series of mesh screens and a honeycomb can 

























By virtue of the low velocities in the settling chamber, a static pressure 
tapping located in one of the faces after the screens, offers a satisfactory 
average value for the total stagnation pressure of the system. 
Nozzle 
f 
The converging - diverging nozzles are designed to abcelerate the air so that 
" 
when it leaves the nozzle it is uniform, parallel and at the desired supersonic 
velocity. These two-dimensional nozzles are to be machined from wooden blccks 
and incorporated in the top and bottom covers of the nozzle box. Because of 
the character of supersonic flow, the exit mach number is dependant upon the 
exit to throat area ratio only. 
Test-Section 
The rectangular test-section, that maintains uniform steady flow, has a nominal 
cross-section of 4 x 2 inches. The test pieces are supported in the test-
.section by means of an aerodynamic sting which straddles the tunnel vertically 
just beyond the nozzle box. The side panels, enclosing the test-section, 
consist of 1.0 inch thick glass set into steel frames so that flow visualiza-
tion techniques may be applied. 
Diffuser 
The diffuser for this tunnel may be sub-classified ~nto three sections: 
1) The supersonic diffuser recovers pressure energy by means of a 
normal shock, induced in the supersonic air flow, by a change in 
tunnel cross-sectional area. 
2) The subsonic diffuser regains static pressure by slowing the 
subsonic air 1isentropically 1 in a divergent duct. 
3) Incorporated in this subsonic diffuser, is a specially 




OPTIMUM BLOW-DOWN TIME 
1.1 INTRODUCTION 
Two methods were applied in the design of symmetrical nozzles for the small 
blow-down wind-tunnel as defined below. 
l) Semi-Graphical Nozzle Design - This design requires the application 
of the method of characteristics, with the aid of a hodograph, 
to the field method of graphical construction. 
2) Analytical Nozzle Design - The contours are defined by a set of 
equations derived by Foelsch (1) which are also based on 
the theory of characteristics. 
The running time of the intermittent wind-tunnel is defined as the period of 
blow-down available before the storage pressure has dropped so low tha/ the 
regulating valve cannot retain the desired settling chamber pressure/ Because 
of the short running time available, it was advisable that the nozzles should 
be designed for the optimum time of run. The minimum stagnation pressure 
required to initiate supersonic flow in these nozzles will be used as a 
criterion in this estimation. 
There are two factors that determine the available run time of the tunnel. 
1) The nozzle design mach number determines the test-section to throat 
area ratio. As the test-section area is nominally kept constant, 
an increase in design mach number is associated with a decrease' in 
nozzle throat area. Also, t~e minimum stagnation pressure for super-
sonic flow incr~ases with increasing mach number. Hence the mass 
flow rate m, through the wind-tunnel alters accordingly. 
2) The available mass of air in the storage vessel is reduced with 
an increase in settling chamber pressure. 
(See Figure 1.3) 
1.2 ASSUIYlPTIONS 
Certain assumptions must be made in order to simplify conditions such that a 
feasible solution can be obtained in the derivation of run times. 
18 
The minimum settling chamber or stagnation pressure will be determined by the 
degree of press·ure recovery across a normal shock in the supersonic test-section 
and the subsonic diffuser efficiency. 
1 propagation of normal .shock 
1.0 
---t> 
::::=;:;:::=::=§§~~~~Lnax i mum pressure 
ratio for superspnic 




o.o ...._ ________________ __. 
STATIC PRESSURE DISTRIBUTION CURVE 
Figure 1. 2 
As the stagnation pressure increases from atmospheric pressure, subsonic flow 
initially occurs throughout the whole wind-tunnel. When sonic velocities are 
reached in the nozzle throat, a normal shock will develop and with further 
increase in stagnation pressure, will propagate downstream through the tunnel 
test-section. Once this shock has been displaced to the test-section exit, 
the stagnation pressure will be the minimum that will retain supersonic flow. 
(See Figura 1.2) 
A temperature drop of about 25°F is experienced over a full run period. The 
' 0 0 
initial stagnation temperature may be taken as 65 F (545 R). 
-~ (11). 
A pressure drop exists between the storage drum and the settling chamber. 
This is shown to have a magnitude of about 25 lbs. par sq. inch as the run 












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































for these losses which may increase with increased mass flow rate. 
Both the stagnation pressure and the mass flow rate are assumed constant for 
the duration of ~- run. 
1.3 OPTIIYlUIYl NOZZLE CHOICE 
Stagnation Pressure: 
The minimum stagnation pressure corresponding to increasing mach number must 
be determined. · Refer to Figure 1.4. F"or a g.iven mach number IY11, for the 
nozzle, the static-stagnation pressure ratio P1/Pt can be determined. 
Similarly for a shock at that mach number, the static pressure recovery 
ratio, % /P1 , can be determined. 
SUPERSONIC NOZZLE 
Figure 1.4 
Therefore the stagnation pressure can be found in terms of the back or 
atmospheric conditions. 
= x x . . . . . 1.1 
This minimum stagnation pressure, Pt, for mach numbers increasing from unity, 
is plotted on Figure 1.6. 
IYlass Flow Rate: 
IYlass flow rate of air (13): 
. p.All. m = 
• . . m = pl Al IY11 J~ gc RT1 ..... 1.2 
RT l 
21 
Substitute in the known values of the constants and the test-section cross-
sectional 
. . 
The static pressure and temperature, Pl and T1 can be determined for any mach 
number, m1 knowing the stagnation conditions. Tables in (13) present these 
relationships. 
This above equation is described on figure 1.3 in terms of increasing Mach 
number. 
Available Mass: 
The available mass of air for blow-down is determined by the stagnation pressure 




pd. Td· I 
1 
I 















total pressure loss,~·between states 
run, is assumed to b~ lbs per sq.in. 
(1) and (2) at the termination of 
Therefore the lower limit of t~a 
storage vessel pressure is greater than the settling chamber pressure by this 
amount. 
i.e. Pdf = Pt +~ 
The initial mass in the storage drum is given by: 
Pdi vd 
Mi = R Tdi 
:~ 
22 
The final mass remaining in the drum after the flow has terminated is: 
Pdf Vd 
Mf = R Tdf 
= (Pt + Pt ) Vd 
R Tdf 
The mass of air available for discharge through the nozzle is given by the 
difference between the initial and final mass. 
Mavailable 
Pdi (Pt + Pt ) Vd 
=(Tdi - Tdf )• R ••••••••••• •• 1. 3 
All these are known except for the variable Pt and Mavailable• The critical 
stagnation pressure, Pt, is defined for various Mach numbers, so that the avail-
able mass may be plotted on figure 1.3 in terms qf Mach numbers. 
Optimum Run Time: 
The curves plotted on figure 1.3 show that the mass flow rate decreases with 
increasing Mach number (i.e. The throat area decreases at'a much greater rate 
than the increase in minimum stagnation pressure - see equation 1.2). Also 
the available drum air mass decreases rapidly to zero above Mach numbers of 
3.5. 
As the first case indicates an increase in run time, the second denotes a 
dec.rease. Hence the optimum running time would occur somewhere between the 
Mach number limits of 1.0 to 3.5. 
The running time, t, is simply determined by dividing the available mass by 
the mass flow rate through the nozzle. 
Mavailable 
i.e. t = -m 
From equations 1.2 and 1.3: 
(Pdi. _ (Pt + P1 )) 
t = 'Tcii" Tdf 
pl Al M1J2! gc RT 1. 
• • • • • • • • • • • • • • • • • • • 1. 4 
lhis equation is presented on figure 1.6 for increasing Mach numbers. 
This curve shows that the optimum ~unning time for this wind~tunnel is about 
i 
30 seconds and is satisfied by a nozzle Mach number of 2.35. (Bearing in mind 
the assumptions of Plost and T1ost). 
The two symmetrical nozzles, applying the semi-graphical and analytical desigr:s, 
were produced for this Mach number. 
23 
1;i ~ ;\ ;,1 
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PART 2 
SEMI-GRAPHICAL NOZZLE DESIGN 
2.1 THE THEORY or· CHARACTERISTICS 
The method of characteri~tics discussed in this section is limited to two-
dimensional, irrotational, isentropic, supersonic flow. Further assumptions 
are that the flow is steady, the fluid is a perfect gas and that gravity forces 
are negligible. 
From the discussion of the theory of characteristics in appendix 1.2, the 
follciwing relationship, between mach number and change in flow direction, has 
been derived. 
For a left-running mach wave: 
e = -JN arc tan J!:i (m 2 - 1) + arc tan Jm 2-1 + constant ••••..• 1. 7 
~J 
Because m increases to infinity at large'Jlturning angles in the Prandtl-IYleyar 
!2 is therefore convenient to put(f).n terms of the dimensionless rat~c . m* •. • ma·t. is the ratio of the fluid velocity to the acoustic veiocity of that stagnation conditions. 
From the adiabatic relationship: 
m2 = _L m*2/(1 - "IS-1 m*2) 
~ +l If +l 
Substitute into equation 1.7: 
m*2 -1 
... e = -J:~i arc tan ~ - m*2 + arc tan 
t-1 
m*2 - 1 
~-l *2 +constant ••••• 1.8 
1 - i+1 m 
This equation can be rewritten in a simpler form where 
and the constant of integration, C = (2I - 1 ODO) 
·)E-
is a function of m 
* SI = -CU(IYl ) + (2I - 1 ODO) ....••••••••.•••.•..•••••. • • . . . . • . . . . . . . 1. 9 
For a right-running mach wave: 
The derivation is the same as before, but with mach waves of family r. 
* -HJ(m ) + (2II - 1 000) ...................................... 1.10 
25 
The subs~ript I for 8 1 indicates that pressure waves of famil~I are absent and 
the process occurs at a constant value of I. Hence all the ~hanges in flow 
properties take place across the Mach waves of family II. Similarly, this is 
true for the subscript II whereby all the changes take place across Mach waves 
of family I. 
The complete hodograph plane is given in figure 1.11 for both the left and 
right running Mach waves. These hodograph curves are drawn out by computer 
using equations 1.9 and 1.10 (See appendix 1.3 for the flow diagram). They 
are each identified by a particular value of the constant I or II, as the case 
may be. d 
The boundary of this hodograph field is determined by setting m = • 
1 
') 
Substitution into the relevant equations, gives: 
M* =J::i = 2,45 
B = /.§ arc tan ( oo ) + arc tan ( oo ) + constant. 
This maximum change in streamline direction to produce an infinite Mach number, 
is determined for a constant equal to zero. i.e. For a characteristic wave 
of 500. 








This hodograph field describes the conditions anywhere within an isentropic 
flow field. Each point may be represented by a particular value of I and II, 
and the flow direction at that point, by 8 (See figure 1.10). We also 
have the rule that with simple left-running waves, the Mach line at a given 
point in the physical plane is normal to the hodograph characteristic of the 
family I at the image point in the hodograph plane. 
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HOOOGRAPH CHARACTERISTIC CURVES ON M*,THETA-PLAf\:E 
Figure 1.11 
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2.2 DESIGN OF WINO-TUNNEL NOZZLES 
One of the impor~practical applications of the method of characteristics 
design o~imensional _supersonic nozzles_. is the 
ex ans1on cancellation 











MACH WAVE PATTERN 
IN NOZZLE 
2' 
HODO GRAPH PLOT 
The general considerations in the design of a nozzle are illustrated in 
figure l.12. 
The function of the nozzle is to accelerate the sonic flow at the throat of the 
nozzle to the designed mach number in the test-section so that it is uniform 
and parallel. , As the nozzle is symmetrical about the centre-line, only the 
upper half need be considered: 
(i) Expansion Zone: 
It is bounded by points 6-7-3-2-6. In this zone, both families of mach waves 
are present. Assuming a straight sonic line at the throat. the outward 
curve of the wall between 7 and 3 generates right-running expansion waves 
which are reflected from the centre-line as left-running expansion waves. 
This process of ~enerating mach waves continues until the desired mach number 
. is reached at point 2 on the centre-line. 
is 9 3 at the inflection point 3. 
The maximum change in flow directio~ 
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(ii) Straightening Zone: 
This section, bounded by points 3-2-1, consists only of left-running mach waves. 
This follows, as only a zone of simple waves can have uniform parallel flow 
within the mach lines. Because only left-running mach waves should exist in 
this zone, the nozzle walls must be designed to cancel these waves. i.e. The 
straightening contour must generate positive mach waves that just cancel out 
the left-running expansion waves, incident upon it. 
always be concave). 
(iii) Test-Section: 
(The profile then must 
As the mach line 1-2 is straight and the test-section walls are parallel, it 
follows then that the flow is uniform, parallel and at the desired mach number. 
' 
An important criterion in the design of nozzles is the choice of the nozzle 
expansion profile 7-5-3. The development of the mach wave pattern and the 
final cancelling profile is controlled by this choice. 
Although the sonic line at the nozzle throat is in practice.curved (6), for this 
analysis it is assumed straight and normal to the nozzle axis. 
Consider a nozzle limited to a mach wave pattern of two backward reflections. 
This system puts certain limitations on the design of such a nozzle.. These 
limitations,derived in appendix 1.4 are given as: 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • . • . . • . ... • • 1. 12 
and 
The two extremes imposed by these equations are: 
This gives \s'B\ = IS sl =<Ji_ Therefore the expansion profile is a st'raight 
---.r \ 
line between the throat and inflection point. 
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6 4 2 
·@ Physical Plane 
These relationships give point 5 the identical properties as point 7. 
1 
6 2 
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@ Hodograph Plane 
1. 14 
Therefore point 3 must coincide with the nozzle throat even though it has 
different properties to points 5 and 7. 
i.e. A sharp corner exists at the throat. 
This analysis has been specifically for a double reflection system. 
generalised relationship is given in reference (3). 
\ 
·. . 
The limitations imposed on a systam of n backward reflections are: 
............................................ 
and 
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(@ Hodograph Plane 
Figure 1.15 
The right-hand limits would again give an expansion profile that is a straight 
·line. This time, though, a greater number of reflecy~~ould occur (number 
n). \__J 
For a gradually curving expansion section an infinite number of reflections 
would occur in the proximity of the nozzle throat. Therefore a nozzle of 
this type may have an inflection angle that is much smalls~ than the correspond-






The hodograph in figure 1.16 illustrates how the nozzle expans~on profile 
determines the inflection angle. Also this figure shows that accurate 
. :~ 
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graphical determination of the Mach characteristics, near the nozzle throat, 
becomes exceedingly difficult. 
2.3 APPLICATION OF CHARACTERISTICS TO NOZZLE DESIGN 
' * The nozzle Mach number, M, can be defined by the Mach functionlJ(m ) 
From equation 1.8: 
* l+I M*2-1 
(M ) =r-:i- arc tan +l *2 + --M 
-1 
•••• ;t ••••• 1.16 
* . M is directly re~ated to the Mach numbs~ m~ The relation between M and 
* W(M )is tabulated in (3). 
For optimum running time, the semi-graphical nozzle must be designed for a 
Mach number of 2,35. In order to simplify the construction of the character-
istic Mach net, a Mach fun6tion,1.J(M*), of 36° corresponding to a Mach number 
of 2 .13693 is suitable. J . 
The decision to use a sharp cornered, straight expansion section; in the design 
of the nozzle, was governed purely for the following reasons: 
1. The sharp corner initiates the right-running (top symmetrical section) 
Mach waves and defines the point about which the balance of the construction 
follows. 
2. A straight expansion section is that which gives the minimum expansion 
angle for a fixed number of reflections~ 
The length of the nozzle box indicated that a triple reflection construction 
! 
should be used. Th~ chance of a grave constructional error (or an 
accumulative error), for this additional expansion length is offset by the 
improved Mach distribution for a low inflection angle nozzle. 
From equations 1.14 and 1.15; applying the right-hand extreme for a triple 
reflection nozzle: 
and 
(J 3 = (Jl (1 - l/2n) 
For n = 3 and {Jl = 36,0° 
(See figure 1.17). 
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SUPERSONIC NOZZLE DE SIGN 
field method of Construction. 
- Triple Reflection 
Figure 1.17 
This method simply defines the properties of the flow fields bounded by the 
characteristic mach net. 
Two methods can be applied in finding a solution: 
l. The purely graphical solution makes sole use of the hodograph plot. The 
flow properties are defined by the corresponding hodograph streamlines. 
The mach wave angles are then determined by normals drawn to the 
hodograph streamline joining two field properties. 
2. The semi-graphical solution relies on a determination of the hodograph 
characteristic constants, I an II, that are related to 8 andW in 
equations 1.9 and 1.10 The IYlach angle is directly related to the 
IYlach number IYl, and therefore the Mach function W. 
The latter method is preferred as a higher degree of accuracy is obtained in 
the determination of the IYlach angle. Application of the hodograph, though, 
provides a rapid means of constructing the IYlach net. 
The derivation of the nozzle contour for this thesis, using the field method 
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of construction, is best described by considering a small portion of the com-
plete characteristic mach network. 
Rules: 
flow across right-running mach waves will cause the hodograph of the streamline 
to move along a characteristic of family II. The Mach line is normal to the 
hodograph characteristic II and lies at an angle (8 -~) to the horizontal. 
(See figure 1.18). 
Similarly; flow across left-running Mach waves will cause the hodograph of the 
streamline to move along the characteristic of family I. Again the mach line 
is normal to the hodograph characteristic I and lies at an angle ( 8 + ~) to 
the horizontal. 
MACH WAVE ANGLES 
Figure 1.19 
Semi-Graphical Design: 
As eve~y field in the mach net contains flow that has constant. velocity and 
direction within its boundaries, each may be represented on a hodograph plan as 
a point on the hodograph streamlines. 'Each of these points may be identified 
by a particular value of I and II. 
Equations 1.9 and 1.10 may be~~earranged and written: 






Hence given I and II, the stream angle, 8, and the mach function, tJ, can be 
determined. 
Each field, representing steady conditions, is numbered. The only changes in 
fluid properties take place across finite Mach waves, these are designated by 
34 
the field numbers on either side of it. 
The first reflection of the Mach wave network is depicted in figure 1.19. The 
expansion at the corner is governed by a chosen number of six Mach waves of 
equal strength. The flow direction is turned through one degree by the 
perturbation potential of each Mach wave until the flow is parallel with the 
I 0 
straight expansion surface at 6 to the horizontal axis. 









@ Hodograph Diagram 
FIRST REFLECTION WAVE PATTERN 
Figure 1-19 
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As the waves are right-running, the flow properties all lie on the same 
characteristic of family II. In field 1, the flow direction is parallel to 
the horizontal axis ( 8 = 0), at a mach number of unity ( <.J = 0). Substitution 
of 8= 0 and lJ = 0 into equations 1.17 and 1.18 give the characteristic of 
family II, a constant value of 500. 
Hence knowing the flow direction, 8 , and the value of one characteristic curve, 
or the values of both characteristic curves, (I and II), the other unknowns 
may be found. The various properties of each field are summarised in table 1.1 
(The full tables are presented in appendix 1.5) 
For each field, the two properties of the four, I, II,9 and tJ, that are found 
first, are underlined. 
Table 1.1 for figure l.17(b) 
Field I II w 8 0(. 8 + cA. e - ex 
degrees degrees degrees degrees degrees 
I 1 500 500 0 0 90,00 90,00 -90,00 
2 501 500 1 1 67,57 ·68 '57 -66,57 
3 502 500 2 2 62,00 64,00 -60,00 
4 503 500 3 3 58 ;18 61,18 -55,18 
5 504 500 4 4 55,20 59 20 -51,20 
6 505 500 5 5 52, 74 57,74 -47 '74 
7 501 499 2 0 62,00 62,00 -62,00 
8 502 499 3 1 58,18 59,18 -57,18 
9 503 499 4 2 55,20 57' 20 -53, 20 
lO 504 ~ 5 3 52, 74 55,74 -49' 7 4 
8+0.. and 8-<:J... are the Mach wave angles to the horizontal axis of the nozzle for 
the right-running and left-running mach waves respectively. 
~ 
Because the properties within each field~ different from the next, the Mach 
wave angles corresponding to the properties before and after the mean Mach 
wave are different. A compromise is found by taking the average angle 
between the fields and using this for the mach net construction. 
(This is done automatically when measuring the mean normal between two field 
properties in a hodograph plot). 
Table 1.2 is arranged so that the left- and right-running Mach wave angles are 
separated. 
36 
Table 1. 2 for figure l.17(a) 
Right-running Mach wave Left-running Mach wave 
Wave Downstream mean Downstream IYlean Upstream Upstream 
(8 +o!) ( 8 +c'.X ) (8+~) (8-c<) (9 -o<.) (8-QI..) 
I 
degrees degrees degrees degrees degrees degrees 
1-2 -90,00 -66-S7 -78,29 
2-3 -66,S7 -60.00 -63,29 
3-4 -60,00 -55,18 -57,S9 
4-S -S5,18 -Sl,20 -53,19 
S-6 .... s1, 20 -47,74 -49,47 
2-7 68,57 62,00 6S,29 
3-8 64,00 S9,18 61,29 
8-12 S9,18 SS, 20 61,S9 
4-9 61,18 S7' 20 S7,19 
9-13 S7' 20 S3, 74 S9,19 
The graphical const~uction of the Mach net was redrawn to three times the full 
size of the nozzle. The full solution, consisting of sections I, II, III, IV, 
V and VI, is given in figure 1.21. 
presented in figure 1.20. 
The corresponding hodograph plot is 
The disadvantage of the triple reflection construction is that the IYlach angle 
I 
determination is tedious, and the graphical construction requires a high degree 








The hodograph (figure 1.20) plot is an extension of .the complete hodograph given 
in figure 1.11. It is presented so that the ·characteristic curves of families 
I and II may be modified to suit any design Mach number. The curves given in 
this figure may also be applied to the single and double reflection systems: 
i.e. A double reflection nozzle would require a 9° inflection angle, while a 
single reflection nozzle (where the inflection point and throat coincide 
. at a corner) would require an 18° inflection angle. 
Figure 1.20 has been reduced from its original size. The large scale diagram 
may be used to verify the IYlach wave angles ( 8 +ex) and (8 -QI..) by measuring the 
normals drawn across the corresponding characteristic curve. If the speed of 
construction of the Mach net is of greater importance than accuracy, then this 
hodograph (or phase plane plot) offers a rapid method of determining the IYlach 
37 
angles. 
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ANALYTICAL NOZZLE. DESIGN 
3.1 FOELSCH 1S METHOD 
Cancellation Section: 
The analytical relations that are derived by Foelsch (1) are based on the theory 
of charicteristics and essentially provide a method of designing a suitable 
contour to convert uniform radial supersonic flow into uniform parallel super-
sonic flow. 
M=1 along section r=r,. 
FOELSCH
1
S METHOD OF TWO-DIMENSIONAL 
NOZZLE CONTOUR DESIGN 
Figure 1.22 
Consider the diagram in figure 1.22. The characteristic Mach wave that is. 
i reflected at the inflection point is denoted by c_. The flow downstream of 
Ci is swept by a family of straight C characteristics and is finally bound by 
- + 
the characteristic through the. nozzle exit (x , Y ), denoted by Ce. 
e e + 
Beyond this Mach line the flow should be uniform an parallel. The boundary IE 
should be suitably shaped such that the incident C characteristics are cancel-
+ 
led. 
The basic assumption made is that in the region DID, radial source flow exists. 
Consider two-dimensional flow of unit width. Therefore, where r > r* 
(supersonic region), the streamlines are straight, diverging from the apparent 
41 
origin 0. From this source, the uniform mass flow per radian of angle can be 
assumed constant. 
The c, mach characteristic QP is of constant perturbation potential. 
+ 
the flow parameters are constant along this line. 
i.e. m = mp = mQ 
ex = O<P =ex Q 
a-e =a - p Q 
f =Pp =RQ 
Hence 
The nozzle cancellation profile co-ordinates (x1v1 ) may be put in terms of 
co-ordinates of Q and the characteristic angle ( 8 + Ol.). 
By equating the mass flow rate across this characteristic wave with that frc~ 
the apparent origin through angle IDQ, the nozzle co-ordinates may be defined 
in terms of l ~ J ~
The derivation of the equations is given in appendix 1.7. 
The following expressions define the nozzle cancellation section in terms of 
X and Y for the whole field of IDE swept by the C characteristics. 
r 
= .hlffil. f cos 6 + 
y* 6 i 
x ~ Jm 2 - l cos 8 - sinS )(9i - 8 ~} ••.•• • • • • 1. 28(a) 
and 
~* = ~~m) [sin8 + [dm 2 - 1 sin8 + cos8 )(Bi -e )]~ ......... 1. 28 (b) 
where 8 = c.J1 -W ............................................... 1. 28 (c) 
Expansion Section: 
The expansion section can be selected arbitrarily as long as the profile 
i satisfies the postulation that radial, uniform flow exists at the C character-
istic. The conditions imposed upon the expansion profile are: 
Y(X*) = y* throat width 
I 
y (X*) = 0 the slope in the throat is zero. 
I 
y (X.) = tan 8. the slope is equal to inflection angle. 1 1 














A cubic equation satisfies these boundary conditions: 
y = y* + cl (X - X*) + c2 (X - X*) 2 + c3 (X - X*) 3 
Differentiating and eliminating the constants by imposing the boundary. 
conditions: 
tan 8 . 
l. 
1. 29 
The only unknown, after the cancellation section equations have defined X. and 
l. 
v1, is the distance of the nozzle throat to the origin X~. 
Hence, at the inflection point: 
From the 
x* 
x = x. 
l. 




.y. x . 
l. y-= (..1:. - 1) --2 tan 8. y* * l. 
Also from equations 1.28: 
X. A (IYI.) 
l. l. 





sin 8 . 
l. 
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Hence from these equations: 
1 
x. 
= ( l. 3 cot e . ) 
2 y* - l. 
.................................... 
Equations 1.29 and 1.30 define the nozzle expansion section between 
x*~ x ~xi. 
3.2 SUBSONIC INLET 
The purpose of the subsonic inlet is to accelerate the fluid to sonic 
'· 
1. 30 
velocities at the nozzle throat. It must be designed so as to minimise 
disturbances in the flow stream and essentially create uniform parllel flow. 
It has been found (14) that a smooth and gradual acceleration of, a fluid will 
give a good distribution of the velocity profile. There will also be a 
minimum disturbance to the flow. Therefore any smooth acceleration curve 
could be satisfactorily applied to the subsonic inlet design. 
In this case, a sinusoidal acceleration curve will be assumed over the inlet 
length {see figure 1.25). The inlet is two-dimensional o_Lu.oiLwi_qth. 1 




. ... x 
Half section 







This sinusoidal acceleration curve is integrated between the inlet boundary (1) 
and any distance X along the contraction. 
1.8). 
(The derivation is given in appendix 
The velocity at point (X, Y) is given as: 
2 





= c x - 2Tf sin 21T L] .............................. 1. 32 Is 
2 [ '1 
where C = f 2 - ...L] y 2 
1 
••••.•••••••••••••••••••••••••••••• 1. 33 
s y 2 
The maximum accelerat~on of the flow is determined by the magnitude of this 
constant C. The following parameters can be changed to reduce this maximum 
acceleration and the possibility of disturbances in the flow: 
1. Increase the inlet length I • s 
2. Reduce the volume flow rate, Q. Because vis fixed at the speed of. 
3. 
sound in air, the throat area must be reduced. i.e. Increase nozzle 
IYlach number. 
Reduce the inlet-throat area ratio, but this is normally fixed by the 
t1 1 geometry of the tunnel. ' '-
from equations 1,32 and 1.33, the subsonic inlet contour is defined by: 
1 
21T 
3.3 APPLICATION Of THEORY TD NOZZLE DESIGN 
..................... 1. 34 
Application of the equations governing the contours of the cancelling, expansicn 
and subsonic inlet sections requires a knowledge of the existing nozzle box 
dimensions. 
The nozzle expansion angle, e., must suit th~ allowable nozzle length, but at 
l. 
the same time be of satisfactory magnitude. Reference (1) suggests that this 
1 1 
angle should be somewhere within the range of 4 Wl, to 3'1 · As far as the 
production of uniform velocity in the test section is concerned, the smaller 
this expansion angle, the less critical is the contour design. Unfortunately 
thls-results in an increase in nozzle length and additional difficulties in 
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SUPERSONIC NOZZLE 
C Figure 1. 27 J 
-M = 2.35 
test ~ection 
The nozzle expansion angle was chosen at the lower limit (i.e. Si =(J~ ) for the 
following reasons: 
1. Because the required construction tolerances on a nozzle of such small 
dimensions is difficult to achieve, the improved flow distribution, 
associated with the smaller inflection angle, is very desirable. 
2. The inflection angle of this magnitude allow~ a satisfactory inlet length 
(15 inches) and test-section length (about 10 inches) (See figure 1.27). 
3. The boundary layer growth, although excessive in a tunnel of this size, may 
be judged relatively accurately from experimental calibrations undertaken 
previously (5). 
Once t~e nozzle subsonic-inlet length and the nozzle expansion angle has been 
determined, the'equations that define the nozzle profile may be applied. 






Note: only one half-section need 
be considered because of' 
· symmetry 
FIGURE 1·28 
Cancellation Section 0 ~ 8~8. 
l. 
From Equations 1.28: 
~* = A8(~) l cos8 + [dm2 - 1 cos8. - siri6 )(8i ~e )J1 
l. 
• • • • • • (a) 
~* = ~(~) [sinS + BJm2 - 1 sinS 
l. 
(b) 




Set the nozzle expansion angle 8 i = 4 (Ji. 1. 
' .. 
2. The mac::h function, (J. (m), (and subsequently 8.) 
l. \ l. 
is determined f iom the 
test section mach number ·af 2.35. 
3. From equation 1.19: 






( ,. . 2 
A* = iYi 'b'+ 1 
2 
lS + 1 
) 2(is-1) 
The throat height, Y*, is obtained from the above relationship knowing the 





applying equations 1.2B(c), 1.19 and then l,2B(a) and (b)~artesian 
co-ordinates of (x,y) of the cancellation profile may be found. 
(for each value of e ' the corresponding IYlach function w is found from 
equation l.28(c). The equivalent Mach number IYI is determined from 
equation 1. 7. 
ratio'~(IYI)). 
This is substituted into equation 1.19 to give the area 
6. Substitution of 8= Si into equations 1.28 (a) and (b) gives.the inflection 
point co-ordinates. (X. Y.). 
1, 1 
Expansion Section 
from Equations 1.29 and 1.30 respectively: 
1 -
where 
1 x ·' 
= 2 ( 
1 
- 3 cat 8 . ) 
Y*. i 
1. Substitute all the known values into equation 1.30 to obtain the X 
co-ordinate of the nozzle throat, X*. 
2. Now these values may be applied to equation 1.29 so that the Y co-ordinate 
of the expansion profile may be found in terms of the variable X. 
3. Again, stepwise decrements of X between the inflection point and the 
nozzle throat will produce the cartesian co-ordinates of the expansion 
contour. 
Subsonic Inlet 





~--x(s) I • x 
SETTING INLET ORI~ 
Figure 1. 29 
Th,erefore, from Equation 1. 34: 
1 1 p--J-)[ilil 1 . 21TX (S)J - = - -- sin 
y2 y 2 Y! 2 yl ls 2rr l s 
1 2 1 
This equation must be ~ewritten in terms of the origin O, to bring it into 
line with the other equations. 
Also Y 2 = Y * Nozzle throat height 
Nozzle entrance height. 
From figure 1~29 
• • .x(s) = x +Is - x* 
Substitution into equation 1.34: 
1 1 
y2 -2 
ys ·L\-* . ls - ~*". I s ... , -· - 2n sin - -1 
1. The nozzle entrance height Y , the subsonic entrance s 
height Y* and the distance from the nozzle throat to 
2TT(X +Is - X*)] 
ls 
'7 
lengt~ the threat 
the origin are known. 
2. Substitution of these values into the modified equation 1.34, and a 
stepwise decrement of the X co-ordinate will give the cartesian 
co-ordinates of the nozzle subsonic entrance. 
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3,4 NOZZLE CONTOUR SOLUTION 
The equations describing the nozzle contour (1.28, 1.29, l,30 and 1.34) may be 
solved numerically using a digital computer •. 1 The programme that solves these 
equations is such that all the design parameters, fixed by tunnel geometry and 
design mach number, can be varied. 
The following instructions may be altered in the program: 
1. The design mach number me. 1 
2. The ratio of specific heat for •gO· 
3. The test-section height Y • e 
4. The subsonic inlet height y . </. 
s. The subsonic inlet 
6. The inflection a.ngl 
Each of these parameters occupy one instruction and may be alter8d independer.tly 




me,25',l,Ys, y e 
l [ ;-H ( A(m ) = e m e 
* Y /A (m ) y = e e 
~ W1 = ~ - 1 
8. 
Ll1 
= 4 l. 
Set m = m e 
arc tan 
?f- l J ( l:S + 1 
1 + me 2) 2(~-1) ) 2 
J 
15 - I 2 
ten J IY1 2 
25'+ 1 (IYl - 1) - arc - l e e 
50 
l[ 2 ( '?f- 1 m2)] ff+ 1/2(¥- 1) 
A(m) = m[ 6 + 1 l + 2 
(J =!¥5t arc tan J ~: i (m 2 - 1) - arc tan )m2 - 1 
e =LJ1 -w 
x A~ML Y [ case + r( m2 - 1 case sine )"(e. = 6* - 1 
·* 
+ [( y 
A(m) Y 
[ sin8 m2 - 1 :sine cos e )(e. = + 
ei 1 
Output: Pr,int X, Y, m, A(M),W 
y = y* 
Output: 
1 1 
y2 - -;--:;. 
s 
Plot X, Y. 
>---~ Set m = m-O.I 
No 
Yes 




( 1 - 3 cat 8 . ) - y* 1 2 
[1 + y * tan e i [ X-X J[X - x 1 - · 3(X·i;.. ·~*) y* 
(Xi - X*) 
Print X, Y. 







- e )]J 
.} 1 






Output: Print X, Y. 
Plot X, Y. ------
Is x~ ( x * 
No 
This programme is given in appendix 1,9, while the graphical plots are presented 
in figures 1,30 a, b, c, d and e for a range of mach numbers between 2,00 and 
s,oo. 
\ 
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BOUNDARY LAYER ESTIMATES 
4.1 INTRODUCTION 
In a real fluid, vixcous effects are present. If the fluid is of low·viscosity, 
these effects are confined to a narrow layer next to the solid boundary. The 
flow within the boundary layer increases smoothly from zero velocity at the 
wall to a maximum at the free stream velocity. 
It is a reasonable assumption that the flow would be isentropic between the 
inlet and exit planes with the esception of the small boundary layer region 
described above. 
Since the physically meaningful measure of the boundary layer thickness is th~ 
displacement thickness, then the nozzle potential outline for a perfect flc~j 
must qe displaced outwards by this amount (see figure 1. :fl-). 
FIGURE 1.31 
o* b boundary layer 
displcicement thickness 
thickness 
This allowance in the nozzle contour is-dependeht upon an accurate estimate of 
the actual boundary leyer thickness. The profile of the turbulent boundary 
layer is defined as: ~~{.., 1. 
U ( Y ) l/N ~~t:_., ·_) ••••••••••••••••••••••••• 
u
1
= "b · 1.35 
(See figure 1.31) 
y 58 
u, 
b boundary layer 
thickness · 
VELOCITY PROFILE 
Experimental data from (5) and 
approximately 7 for supersonic 
Figure 1.32 
I 
(4) show that the power law indjx N is 
nozzles of low Mach n1..Jmber .' ( 1, ~ ~ 
The displacement thickness is dependent upon the actual boundary layer 
thickness, the power low index and Mach number. The relationship between · J 
these factors was experimentally determined and is presented in (4) as a graph. 
For the power law index of?, the following equation best approximates the 
relationship between the displacement-boundary layer thickness ratio, Gd, 
and the.Mach number. 
= o,ossM + o,o? .......................... 1.36 
4 2 SIDE WALL ALLOWANCES 
Boundary layer compensation is achieved by gradually moving the four tunnel 
walls away from the nozzle axis by the amount of the displaceme~t thickness 
~ increase. Because it is usually necessary to keep the side walls parallel, 
c a s\t\s\a~'y compromise is achieved by displacing the curved nozzle .surfaces 
still further. Although the flow is in fact undergoing a three-dimensional 
change due to boundary layer growth on the side walls, the resultant flow 
pattern is the same as a perfect two-d~mensional nozzle (1). 
This total effective displacement thickness, b~u·' cin the curved nozzle 
contours, must be found in terms of the displacement thickness, ~*' and ~he 
wind-tunnel cross-sectional dimensions. These dimensions ill and h. are ~he 
physical boundaries o~he theoretically perfect flow field. (See figure 1.33) 
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The curved nozzle surfaces must be displaced by, f) equ to compensate for the 
boundary layer growth. 
real core area becomes: 
Because this phenomena occurs on all four walls, the 
---- ---- ------
/..r) 
+ 2 ~ equ) ------
= wH + 2w( 6 equ - ~ *) - 2HS* -~ ( S equ j 
* * 4 ti·· ( S equ - ~ ) may be neglected if the boundary layer is thin. 
* * A = wh + 2w ( & equ - b ) - 2Hb c o ll,.-·j 
The mass flow rate through the effective core area would be the same as thrcugh 
the real core area • 
• • A = A c e 
. ·. b equ s*cw + h ) = lU 





NOZZLE BOUNDARY LA YER GROWTH 
Figure 1.34 
The boundary layer growth is not necessarily consistent on al.l four walls of 
the wind-tunnel.(l). Pressure gradients down the axis of the nozzle and 
perpendicular across the side walls act on the boundary layer and cause 
deviations. For example, the transverse pressure gradient causes the bouncary 
layer to thicken along the centreline. 
To _§,Void undue complications in the application of boundary layer equations~ 
these above considerations may be neglected. i.e. Boundary layer growth is 
assumed linear along the axis of the nozzle and at any cross-section, it is 
the same on all.four walls. 
4.3 APPLICATION OF THE TURBULENT BOUNDARY LAYER EQUATION. 
In order to determine the displacement thickness, the first step is to fine 
the rate of boundary layer growth along the nozzle. Unfortunately, no single 
solution has been found for all the cases of growth in supersonic nozzles 
because of mach number variation, nozzle dimensions, pressure gradients and 
other variables. But, by comparison with experimental data and making basic 
assumptions on the development of the boundary layer growth, a suitable 
solution can be found. 
The experimental increases in boundary layer thickness, in terms of distance 
from the nozzle throat and the test-section Reynold's Number, have been 
grouped together (4). For design mach numbers below 2.5, the approsimate 
curve may be represented as: 
/J. b = 
-\-
o. 29 ~ 
~ef ............................... . 
e 
. 4~ ~ 






Here~s the mean rate of growth of the boundary layer with respect to 
the ~ from the nozzle throat. 
This equation implies tha~ the rate of growth is constant throughout the nozzle. 
It also assumes that the~undary layer starts at the nozzle throat. 
This second assumption is not strictly true, except for Mach numbers above 3.0 
(4). At the higher Mach numbers, the large favourable pressure gradients 
restric~ the growth of the boundary layer. 
Fortunately, experimental evidence was available (5) that indicated that th~ 
above equation suitably accounted for this effect within the required Mach number 
range. 1.1. 
Reynold's Number: 
The Reynold's number for the wind-tunnel test-section is given 
Where: 
R = pv le 
~el µ .................................... 
as: 
Air viscosity co-efficientµ ....................... 
Air density 
pl 
p= Tl R • • • • • • • • • • • • • • • ••• • •• • • • • ••••••.••• • 
Air velocity v = m1 J~ R g T1 •••••• ~ ••••••••••••••• j •••••••• 
1. 39 ~ 
l.39(d) 
r ~ 
Length le is the distance from the nozzle throat to the nozzle exit. '? ~~P)c/'-'~ c' 
1 • 1" cl ,.,: - ~ 
Reynold-' s Number, ~fore th~..£~-~~- _gf_J::iound~g_y_J,ay_e_Lg£01:11t~; "'i th [J~c:: 
stagnation conditions. It is necessary to choose the stagnation pressure and 
~~;;~;t:;;;tisfie/ the normal working conditions of.the supersoni~ ,wino-
tunnel. - r -,-~'" _, __ .,_ -
1. Let the operating stagnation pressure be about 10 lb.per sq.inch above 
the cr,ticai m'mimili~~ 
2. Let the average stagnation temperature during a run be 54S0 R (11). 
Equivalent Displacement Increase: 
The required outward displacement of the curved nozzle potential outlines,' in 
terms of distance from the nozzle throat, may be obtained by applying equations 
1. 36 and 1. 37 to the turbulent boundary layer equati_ori 1. 38. Applying the 
initial conditions ( 2> = 0 at l = 0) 
b equ 
gives: ~ ;,",.. 
CJ• 
,!\. 
= (o.ossm + 0.01 )( w +GY,'(0.291 ·) 











4.4 BOUNDARY LAYER CORRECTION 
The boundary layer correction equation (1.40) may now be applied to the analyt-
ical~ semi-graphical nozzle design. · A digit.al computer was employed to 
correct the nozzle contour co-ordinates by the predicted equivalent 
displacement thickness. 
Besides the input of X and Y nozzle co-ordinates, the information following is 
required for the successful operation of the programme: 
1. The design nozzle Mach number, (M). 
2. The length from the origin to the exit of the nozzle, (X ). 
e 
3. The length from the origin to the nozzle throat, (X*). 
4. The tunnel width, (W). 
5. The throat height, (Y*) - half for symmetrical nozzle. 
6. The stagnation temperature, (Tt). 
7. The stagnation pressure, (Pt). 
B. Temperature Ratio, (T1/Tt) ) 
) obtained from tables (15). 
9. Pressure Ratio, (P1/Pt) ) 
10. The half height of the nozzle box, (Yb). 
The test section Reynold's Number can be found by substituting the relevant 
data into equations 1.39 (a), (b), (c), and (d). 
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At each co-ordinate along the axis of the nozzle, the equivalent mach number can 
be estimated from the area ratio, v/v* = 
y 
P. IT, 
i---------X ______ ___.,.""1 
1------ Xe= le ---------------i 
FIGURE 1. 36 
Rearranging equation 1.19: 
.................... 1.41 
This equation may be solved in terms of the area ratio by tak~ng successive 
itterations until the difFerence in mach number on both sides is very small. 
For each point, then, along the nozzle- outline, the local mach number m, the 
Y co-ordinate and the.distance from the throat (which is X - X*) may be 





, T1 , P1 
x , x*' v * e 
w 
llo x 
Set fJ.o = 376 x 10-
7 
~ = 1,4 
g = 32,2 










Set N = 1 
X(N) 
Y(N) 
Set IYl = 1 
Set A(IYl) = Y(N)/Y * 
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IYl = _2_f '6+1) (IYl.A(IYl))2 'lS-1 ~+l - 11 
+ 15-1 2 ·) 
Sett ERROR = IYl - IYl 
+ 
ERROR ~ 0, 001 >--N-
0
-...i Set IYl = IYl + 
Yes 
j 
YJ (N) = Y(N) + (o,ose IYl + 0,07)( w + 2v N )(0 ' 29 ) x (N) 
/C j + W R ,2 c 
65 
Output: 
Print: x (N), Sequ (N), v (N), m 
c c + 
Plot: X (N), V (N) 
c c 
Set N = N+l 
Yes 
No 
The boundary layer correction output is produced at full size. Figures 
1.37 and 1.38 are scaled down versions of this output for the semi-graphicel 
and analytically designed nozzles respectively. It is clearly seen how th€ 
nozzle contour changes when the boundary layer growth is taken into account (sea 
figures 1.37 and 1.38, curves (a) and (b)). 
Also incorporated in these plots are the final size and shapes of the requi~sc 
nozzle blocks. 
The full programme for boundary layer correction is presented in appendix l.lC 
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5.1 DESIGN OF TESTING APPARATUS 
Recording the properties of supersonic flow is achieved in a couple of ways: 
(a) Optical Techniques: 
1. Schlieren method. 
2. Interferometer. 
3. Shadowgraph. 
(b) Dynamic measurements: 
1. Static Pressure Calibration. 
2. Pitot Pressure Calibration. 
optical method is only approximate because the picture represents the 
integrated effect of disturbances across the width of the test-section. This 
method is also limited in value by the accuracy in measuring mach angles. 
\U-""-....:\v>-- . 
The most accurate determination of the mach number distribution is obtained 
from a pitot and static survey of the flow. The following instruments were 
d~signed and constructed to achieve a thorough investigation of the flow 
pattern within the semi-graphical and analytical nozzles. 
Static Pressure Plates 
Two blanking plates are used to replace the glass side covers of the tunnel. 
Five rows of pressur~ holes, set at one inch intervals on one of the plates, 
are used to record the static pressures down one vertical wall within the 
tunnel. (See figure 1.39) 
A$~~~ 
( 
B~c.~Js'e there are no pressure grad~e~~ normal to the wall, any_pressures 
measured in the stationary fluid of the boundary layer is a representation 
of the free stream static pressure. I ·... ~; '> \1-.\MJW \\. ~ 
·\ V\,O \iJ I ' 
26 
69 
14 10 6 
static pressure 
plate holes numbered in inches 
STATIC PRESSURE PLATES 
Figure 1. 39 
settling chamber 
The large number of static holes requires that several runs are needed to' 
complete the full pressure distribution. The pressures are measured on a 20 
point mercury manometer, the columns held stationary by an air controlled 
guillotine for post run recording. 
Static Probe (Figure l.4l(a)) 
The free stream static pressure may be measured by introducing ·a very thin 
probe with pressure holes located in the surfaces parallel to the flow 
direction. Great care must be taken to allign the probe with the flow 
direction so that the fluid disturbances are kept to a minimum. 
In the immediate neighbourhood of the probe; owing to oblique shocks and 




STATIC PRESSURE PROBE· 




However, the compression and expansion waves .eventually merge and thereby are 
mutually weakened. In this discrete wave pattern, the variation in stream 
properties created along the curved shock is represented by slip planes. 
Wavelets striking these slip planes are partially transmitted and partially 
reflected. As more and more waves appear in the field, the non-uniformities 
are distributed on an ever finer scale. (see figure 1.40). At large distances 
the flow is, for all practical purposes, unifrirm and parallel with only an 
infinitesimal deviation from the free stream·condition. 
The pressure holes must be at least ten diameters downstream of the sharp 
conical nose (7). 
Pitot Probe and Rake (Figure l.4l(b),(c)) 
The pitot probe is an instrument that measures stagnation pressure by bringing 
the flow to rest. In supersonic flow, a normal detached shock exists in 
front of the blunt nosed probe (see figure 1.42). The stagnation pressure c~ 
the fluid measured by the probe would be less than the free stream stagnatior 
pressure. 
(i.e. There is an entropy increase across the irreversible shock process) . 
71 
pressure transmission line · 
~--H---1 
probe support pressure holes 
(a) STATIC PROBE 
sf ~ 
(b) PITOT PROBE 
I 
pressure transmission lines 
/ ., 
rake support 
\ wedge probe holder 
(c) PITOT. RAKE 











The relationship between these stagnation pressures, before and after the 
normal shock, determines the approach Mach number at that point. 
i 
_/ --~ -...---1- - - - - - - - - - - - - : - - - - - - - - - -




Pl TOT PRE SS URE PROBE 
Figure 1. 42 
The pitot rake has the same principle, but the multiple probes facilitate 
the traverse off the central axis of the wind-tunnel. 
model Support Sting. (Figure 1,43) 
The model and probe support sting was streamlined to prevent chocking before 
supersonic flow existed in the test-section. 
The rigid tubing, to which the probe or models are attached, is secured by 
lock-nut at the sting. It may be freed to allow a traverse through the 
wind-tunnel test-section and test-rhombus. 
Mach Number Calibration. 
The calibration of a set of nozzle blocks for a wind-tunnel consists of 
finding the Mach number distribution within the whole fluid stream about the 
tunnel axis. The best method of finding the Mach number distribution is to 1 
conduct a systematic pitot and st.atic traverse of the testing region. L J . 
Applying some of the isentropic flow relations, it is possible to determine the 
Mach number from the static pressure (P1 ) or pitot pressure (P02
) if the 
stagnation pressure (P01 ) is known. Or the Mach number can be determined fromvi" 
the Rayleigh Relation if the static (P1 ) and pitot pressures (P02







swept - back 
sting 
SECTIONAL FRONT ELEVATION 
4f;,// 
~?/· test section 
removeable side-covers· 
PLAN 
sliding probe or model 
Figure 1.43 MODEL SUPPORT STING Half Full Size 
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From (7): 
~-1 2~ ~/6-l 
f -M = 1 + 2 1 ' ............................. . 1.42 
...... 1.43 
[ 
2 1 ~1~-1[z:Q_ 2 - ll'-lj l/t-1 = 2 ?Hl Ml ~ +l 
(CS+l) M1 
1.44 . 
The settling chamber pressure, Pt' is known. Thi$ should be a close 
approximation of the actual wind-tunnel stagnation pressure, P01 , because, 
theoretically, the flow is isentropic through the nozzle. An accurate 
calibration of the wind-tunnel stagnation pressure, .in terms of the settling 
chamber pressure, may be achieved by using both the static and then the pitot 
probe and applying Rayleigh's Equation (1.44). I/ 
For a more general calibration, either a pitot or static traverse may be 
undertaken using the settling chamber as a reference. The decision to use 
a pitot rake instead of a static rake was reached for the following reasons: 
1. Pitot readings are not subject to small fluctuations and may therefore 
be read quite acurately. The static pressure readings are sen~itive and 
are subject to small oscillations (7). 
2. Secondly, if the same error is read on both the pitot and static probes 
for a Mach number of 2.50, then the theoretical ratio of the Mach numba~ 
error of the static reading to the pitot reading is about 4,4 (7). 0fo? 
The determination of the Mach number from the pressure relationships in 
equations 102, lt43 .or 1~44 is achieved numerically by digital computer. 
The programmes are presented in appendix 1.11. 
The programme applying Rayleigh's relation (1.44) also gives the actual 
stagnation pressure in terms of the settling chamber pressure. 
5.2 TUNNEL RUN TIMES 
The run times for the blow-down wind-tunnel, with nozzles of increasing mc:ch 
number, have been dealt with in Part 1. It is now ·necessary to examine the 
validity of these assumptions and confirm the length of blow-down period. 
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In this case, as only a nozzle of design Mach number 2,35 is to be considered, 
the run times are to be found as a function of the settling chamber pressure. 
Valve Flow Characteristics. 
The pressure drop from the storage drum to the settling chamber has been said to 
be caused by viscous losses, turbulence and restrictions. 
is due to flow through the valve. 
The latter of these 
The pressure difference across the valve at the termination of the run. (i.e. 
when the valve reaches its limit of travel) may be found by considering the 
valve characteristic curve (figure 1.44). 
The mass flow rate past the valve in terms of storage drum pressure, may be 
divided into two regions: 
1. Supersonic Range: 
For a large enough drum pressure, sonic flow occurs past the faces of the 
double valve seats. 
and may be given as: 
The mass flow rate (M) is independent to back pressure 
m = 6,99 lbm/sec .................................... 
This is derived from equation 1.2 where: 
Pd = drum pressure in lb per sq.in. 
X = valve travel in inches. 
2. J Subsonic Range: 
1.45 
For lower drum pressures subsonic flow will be present past the valve 
I 
seats. Hence the mass flow rate becomes dependent upon back pressure. 
7 
Applying Bernoulli's Equation for incompressible flow and assuming a discharge 
coefficient of D,9: 
lbm/sec 
where Pt = settling chamber pressure in lbs per sq.inch. 
The valve flow characteristic curve in figure 1.44 is presented when the valve 
travel is at its extreme (i.e. X = D,25 inches). The flow termination 
conditions, for nozzles of Mach number 2,D, 2,35 and 3,0, are shown to fall 
within the subsonic region of the curve. 
The magnitude of the pressure loss across the valve 1 at run termination, is only Vi Cl (,l.n- . • 
of the order of about 5 lbs per sq. inch for the 2.35 nozzle. Therefore the 
balance of the pressure loss between the storage drum and settling chamber 
must be due to the viscous friction and turbulence losses that are dependent 
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CONTROL VALVE CHARACTERISTICS 
Figure 1. 45 
For the same boundary conditions as in Part i, but for a nozzle of 2,35 Mach 
number only, the mass flow rate is given by: 
m. = 7,90 x 10-2 p n s 
lbm 
sec ............................ 
Similarly, the available mass of storage air is: 
m = 0,811 (130-P ) s lb m .. ~ .............................. . 
1.47 
1.48 
These equations are in terms of settling chamber pressure (P ) in lbs per sq. 
s 
inch. The run time is found by simply dividing the available .mass by the 
mass flow rate: ' 
0,811 (130-P ) · .. 
t = m . . s • - -2 
m 1,90 x lD P s 
secs •••••••••••••••••. • ••••••••••• 1.49 
The solution of this equation is given in figure 1.46. 
The experimental blos-down period was recorded between flow initiation and 
run termination when the valve reached irs limit of travel. 
The accuracy of these points (see figure 1.46) indicate that the pressure loss 
assumption and temperature .are quite valid for a nozzle of this Mach number. 
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A second~ brought our by.these curves is the greater degree of supply 
pressure loss at run termina~ion for the higher settling chamber pressures. 
This would be expected because of the increased mass flow rate througn the 
ducting. Conversely, .at low settling chamber pressures (when the mass flow 
rate is reduced) the experimental run times are longer than theoretically 
predicted. 
5.3 CALIBRATION OF SUPERSONIC NOZZLES 
The calibration of the supersonic nozzle is required to determine to what 
extent the experimental data follows the theoretically designed properties 
of the fluid flow. 
Local disturbances are present in the theoretically uniform test-section flow 
because of the boundary layer phenomena, surface roughness or possible dis-
continuities in the side walls; limitations in constructional tolerances and 
design error. The degree of flow uniformity is illustrated by plotting the 
Mach number distribution within the test-rhombus and test-section. These 
calibrations are achieved by measuring the static pressure' distribution over one 
of the side walls, or, as in this case, by measuring the pitot pressure 
distribution within the flow core area using a pitot rake. 
Static Pressure Calibration: 
Figure l.47(a) and (b) gives the Mach number· distribution superimposed upon 
the theoretical curves for the analytical and semi-graphical designed nozzles 
respe~tively. Each of the experimental traces represents a different position 
on the side wall. (see figure 1.38); the fluctuation about the mean 
determines the performance of the design. 
These curves are shown to a larger scale in figur~s.1.48 and ·1.49 for each of 
the five static pressure traversing lines. 
Pitot Pressure Calibration: 
The pitot calibration is more satisfactory than the static calibratioh 
because the Mach number may be determined more accurately even though the same 
reading error is present in b~th methods.~~ Additionally, disturbances are 
set up by the presence of the large number of static taps which will possibly 
affect the readings to some extent. 
The calibration results, for the pitot rake traverse through the vertical pl~ne 
about the nozzle centre-line, are given in figures 1.51 and 1.52. 
~\; ~V'"\-z\. ~\~. 
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The calibrations in figures·l.48, 1.49, 1.51, and 1.52 have been investigated 
within the test-rhombus and test-section only. Thecareas out~ide these 
regions are indicated by dashed lines in these figures. 
The calibr~tion results are summarised in table 1.3 fo~ both .the analytical and 
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These results are found from: 





Variance; 2· s = I n 
n 
·2= (m. ·- m )
2 
l. 
i = 1 
Standard Deviation; s = 
Nozzle Design Plane Mean 
Mach No. Mach No. 
Semi-
Graphical 2,3693 Vertical Side 2,366 
Wall (Static) 
Centre Vertical 
Plane (Pitot) 2,3615 
Analytical 2,35 Vertical Side 2,336 
Wall (Static) 
Centre Vertical 2, 337 
Plane (Pitot) 
.. 
Stagnation Pressure Calibration: 






o, 638 1,797 
Some doubt existed as to the reliability of the settling chamber stagnation 
pressure gauge as a means of measuring the actual stagnation pressure within the 
wind-tunnel. The necessity of using this gauge B'S a reference upon which 
the Mach number is determined, /is eliminated when the Rayleigh Relationship 
(Equation 1.44) is applied. \/ 
This method, of course, involves two runs for each Mach number determination. 
i.e. The static and pitot probes are used.alternately. Precautions are 
necessary to repeat the exact flow properties over each successive run; 
otherwise the results will be meaningless. 
1. The pre-set stagnation pressure control must rot be adjusted for 
consecutive runs. 
2. Each run must be allowed to progress for the same period of time. 
3. Sufficient time must be allowed so that disturbances in the flow stream 
·have settled down. 
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4. The fineness of the pressure transmitting lines, 'from'the measuring 
probes, act as a damper. Hane~ great care must be taken in eliminating 
any leakages or blockages in these lines. 
The stagnation pressure calibration tests were undertaken using the 
analytically designed nozzle only. The procedure may.be d~vided into two 
parts: 
Horizontal Displacement Traverse: 
The single pi tot and static probes were used to traver.se the nozzle 
centre line between their limits of travel. (i.e. between 14 inches and 22 
inches from the nozzle throat). The whole traverse wa~ undertaken for a 
constant settling chamber pressure. These results were repeated later so 
that the degree of accuracy of this form of measurement could be assessed. 
The Mach number calibration is given in figure 153(a) for the average results 
in the traverse. The actual stagnation pressures, at the points in question, 
are determin~d from equation 1.43; knowing the Mach number (m1 ) and the pitot 
pressure (P02 ). These results are plotted in figure l.53(b) together .with 
the measured settling chamber pressure. The deviation of each recorded 
result about the mean, is the limit of the measuring ability of the 
. ( l 
apparatus. , \ 
Pressure Traverse: 
Again, u~ing the Rayleigh rei~tion, the Mach numbers at particular point~ on 
the nozzle centre-line were deter~ined for increasing ~attling chamber 
pressure. The character of supersonic flow determines that the Mach number 
at any point remains the same; but the boundary layer, for example, may 
have some influence upon it. ? 7 ·. 
' 
The calibration results for.this traverse is given·in figure 1.54.· 
5.4 CONCLUSIONS 
Pitot and Static Calibrations. 
The summary of the results of the calibrations, for the analytically and 
semi-graphically designed nozzles, is presented in table 1.3. The uniformity 
of the flow within the test-sections compare very favourably with those of 
similar supersonic wind-tunnesl (see (5), (6) and (7)) 
The deviation of the flow, within the test-section, from design specifications 
may be attributed to: 
Faults in the design of the cancellation contour of the nozzle. 
Incorrect boundary layer estimation. 
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Constructional disturbances in the surfaces of the four walls of the tunnel. 
The first of these would account for the disturbances in the flow velocity that 
are dymmetrical about the centre-line. The better distribution of flow 
within the analytical nozzle indicates the dificiencies in the design and the 
possible limitations of the semi-graphical nozzle. 
l. The contour of the semi-graphical nozzle had to be drawn out graphically. 
Although it was produced to three times its full size; construction 
errors were bound to occur. 
2. The design of the cancellation-section in the analytical nozzle 
assumed radial flow at the inflection point. This assumption is 
probably more valid than the straight sonic line in the semi-graphical 
nozzle ( ( 6) shows this sonic line t'o be curved) 
3, The semi-graphical nozzle incorporated a sharp corner at the throat, 
The boundary layer, even though it may be thin at this point, will 
influence the properties of the expansion fan. The analytical nozzle has 
no such discontinuities in the expansion profile. 
4. In order to match the analytical nozzle length, the semi-graphical nozzle 
was designed for a triple mach wave reflection pattern. Although the 
design becomes less critical due to a smaller inflept~on angle (1), the 
accumulative error in construction increases. 
The incomplete cancellation of the Mach waves in the semi-graphical nozzle is 
illustrated in figure l.47(b), At the nozzle exit, the Mach number overshoots. 
This is then overcorrected by the generation of positive mach waves. This 
disturbance is transmitted down the tunnel test-section, but to a much lesser 
extent further from the initial irregularity. (i.e. The generation ·of an 
increasing number qf wavelets distribute the non-unifdrmities on an ever finer 
scale). 
The analytical calibration (Figure l.47(a)) shows a much smaller transition 
from the cancellation to the test-section. 
The estimation of the rate of boundary layer growth in the supersonic test-
section was very satisfactory. No noticeable increase or decrease in the 
mean mach number is apparent. {See figure l.47(a) and {b). In both nozzle 
. designs, though, the average mach number was slightly below the design 
specification. This indicates that the rate of boundary layer growth in the 
expansion and cancellation sections is overestimated by the empirical equation. 
(i.e. The rate of boundary layer growth has been assumed constant, beginning at 
the nozzle throat, and independent to the mach number and pressure). 
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supersonic fl~w is such that the Mach number does not change ~it~ increasing 
stagnation pressure. Although it has been shown t_hat this stagnation pressure? 
may vary through the test-section, figure l.54(b) indicates that this actual 
stagnation pressure increases in the same proportion as the settling chamber 
pressure (the variation is still within the limits of the repeatibility of 
the results). 
Therefore the small changes in Mach number, for incre?sing pressure, are due 
to boundary layer effects. These changes follow the same trend at each point 
and are of the order of only 0,7 % from one extreme to the other. 
As the stagnation pressure increases the boundary layer thickness throughout 
the nozzle at test-section decreases (i.e. the Reynolds Number increases). 
The Mach number rises slightly as the test-sectio-throat area ratio changes. 
But for supersonic nozzles of low Mach number, the boundary layer at the 
nozzle throat cannot be neglected (4). Therefore the throat area also 
increases for increasing stagnation pressure. Thees two opposing conditions 
tend to retain the original Mach number - although some discrepancies may occur. 
The stagnation pressure variation within test-section may have an adverse 
effect upon the standard deviation of the Mach number. The two methods of 
Mach number calibration (i.e. Rayleigh relation and pitot-settiing chamber 
pressure relation) were compared by find~ng the respective standard deviations 
along the nozzle centre-line. The results, given in table 1.4, are very . 
favourable even though only a small section of the wind-tunnel has been 
considered. 
Instruments Design Mach Mean Mach Standard Deviation 
No. No. about Mean. 
Pitot-Sett Ch. 2, 35 2,332 0,588% 
readings 
Pi tot-Static 2,35 2,338 0,582% 
readings 
The uniformity of the Mach number distribution is almost the same in both 
cases and the mean Rayleigh Mach number app('&il:hes the design Mach number 
more closely. '(._} 
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normal shock is much lower. 
If the maximum degree of pressure recovery is exceeded, the normal shock in 
the diffuser throat will instantaneously propagate to the equivalent position 
in the divergent portion of the nozzle. 
6.2 ESTimATION OF CRITICAL DIFFUSION 
Theoretical calculation of the minimum allowable diffuser throat area in 
isentropic flow is possible, but in practice, this area must be made larger 
for the following reasons: 
· 1. Boundary layer growth along the walls of the sind-tunnel, 
2. Oblique shock-boundary layer inter-reaction in the diffuser contraction 
and at the model support sting. (See appendix 1.13) 
3. Non~uniformity in the flow stream due to the post test-section area 
change. 
{see figure 1.60) 
oblique shocks oblique shocks 
·· · · .. · boundary layer 
OBLIQUE SHOCK AND BOUNDARY LAYER 
EFFECTS 
Figure 1. 60 
The critical atea of the diffuser throat may be found by determining the 
theoretical area and then experimentally testing the diffuser. The diffuser 
throat area may then have to be increased until the normal shock is propagated 
through the supersonic diffuser • 
. Theoretical Solution: 
Refer to figure 1.61. 





The post shock velocity, m2, dictates the minimum diffuser throat area ratio, 
A 'A * 21' 2 , so that chocking does not occur. i.e. the flow at 2 must, iri the limit, 
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only reach sonic velocity at the diffuser throat. 
Therefore, the minimum diffuser-nozzle th~oat area ratio so that supersonic test-
section flow can be achieved is given by: 
* * A2 Al A2 
A*=-*X ....................... · ........ . 
1 A],. A2 
2 




· Figure t. 61 
Substituting in the area rat-.i:ns~a~zzle IYlach number of 21 35 and ·a test-
section area of 8 sq;i~ches~~'l,illos ~ram tables (15). 
Minimum diffuser throat heignt~79 inches. 
Experimental Solution: 
The original diffuser was designed for a critical theoretical diffuser throat• :.A<J_• 
area and a suggested inlet contraction angle of 3°. (8). Because chocking vyv\ 
occurred before supersonic flow was effected in the test-section, the throat 
-area had to be increased until the design was satisfactory. 
Figure 1.62 gives the final d~sign o~ th~ diffuser in relation to the original 
design. \ 
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SUPERSONIC DIFFUSER 
Figure 1. 62 
6.3 PERFORmANCE OF THE DIFFUSERS 
The enthalpy-entropy diagram for the supersonic wind-tunnel system, with normal 
shock diffusion, is given in figure· 1.65. Although the entropy increase due 
to boundary layer growth and oblique shock formation has been omitted in the 
supersonic region of this diagram, it is included in the subsonic stagnation 
pressu.re loss. 
This stagnation pressure loss in th~ subsonic diffuser is such that theta is 
a negative static pressure regain between points 2 and 3. 
presence of the subsonic diffuser~nd silencer],'actually 
'normal shock' efficiency .of th~ tunnel 9 · 
I ' . 
i.e. 
__ (6h )s 
() - 49% 
. ( d vl 2/2 -
r 
Therefore the 
reduce' the maximum 
The minimum theoretical stagnation pressure ratios ~nd the diffuser efficiencies, 
for increasing mac~ number, are given in figures 1.66 and 1.67 respectively 
for·the following conditions: 
1. Normal shock recovery with a 100% efficient subsonic diffuser. 
2• Normal shock recovery with a D% efficient subsonic diffuser (i.e. The 































3. Complete stagnation pressure recovery for a critical diffuser and a 
100% efficient subsonic diffuser. 
Normal Shock Diffusion .~ 
The experimental minimum stagnation:·pressure and maximum efficiency fo.r nozzles 
of Mach number 2.0, 2.35, ~and 3.0, with normal shock diffusion, h~ve been 
plotted on figures 1.66 anh.67. l.J.. './(/. { ;«j 
0 
1? 
These points appear to follow the same trend as the c!u'rves of the zero 
efficient diffuser, although they lie at about 75%~f the maximum diffuser effic-
iency (see figure 1.67). This trend is ~xpe~ted, because at higher .Mach 
numbers the post shock velocities are reduced and so are the stagnation pressure 
losses in the ducts. Hence the experimental points approach the theoretically 
perfect diffuser". Conversely, at low Mach numbers, this velocity is much 
higher and the stagnation pressure losses in the ducts are increased. 
Stagnation Pressure Recovery 
Unfortunately, the degree of stagnation pressure recovery is limited for the 
. following reasons: 
· 1. The increase in cross-section area after the test-section implies a further 
I 
increase in the normal shock strength if it is to pass through this region. 
:1. •' '"':Hehce the starting stagnation pressure must be .higher and the minimum c ~ ) 
diffuser throat increased. 1. Or'I !.IU....1.. 
2. The excessive distance fro~ the nozzle to the diffuser throat, as well as 
the change in section, aggravates the boundary layer growth. The diffuser 
tl.~~~throat ane~ ~ustnbe~incte~sedctouabc6untlf6r bhis lbounaaryrlayer. I 
3. At low Mach numbers, the·maximum gossible degree of pressure recovery is 
small (only a few lbs per sq.in)~~ 
The degree of pressure recovery, for the nozzle of Mach number 2.35, is given 
in both figures 1.66 and 1.67. 
58% 
\ . . ,
The efficiency of diffusion is improved to 
·, 
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The variable supersonic nozzle is a necessary component for a versatile 
supersonic wind-tunnel system. Chapter 2 deals with the design of a 
suitable nozzle that would satisfy the requirements of the small blow-down 
·wind-tunnel at the University of Cape Town. 
Part 1 presents the specifications of the flexible liner structure and the 
worst possible loading conditions on the surface of. thin spring ·steel plate. 
Part 2 deals with the estimation of the maximum bending moment and subsequently 
the maximum stress in the plate at ~ worst condition. 
The optimum nozzle liner thickness is estimated in part 3 so that the deflection 
under pressure loading is not excessive and the bending· and loading stress is 
not too great. The final design satisfies the original specifications in 





1.1 INTRODUCTION .1 
A well designed variable supersonic nozzle offers a much greater degree of 
I 
flexibility than the fixed ~nozzle liners. Fi~stly, in conjunction with 
the nozzle profile programm~apter 1, part 3.4), the single variable nozzle 
may cover the whole range of test-section design Mach numbers. Secondly, the 
design nozzle profile may be readjusted after the initial calibrations to reduce 
non-uniformities in the flow stream. 
In order that the nozzle be incorporated into the top and bottom covers of the 
nozzle box, the basic design must be simple. The components must also be 
rigid while still satisfying the boundary paramet~rs of the nozzle design: 
1. The subsonic inlet profile will be·assumed satisfactory if the contour is 
smooth and continuous and the curve near the nozzle throat has a large finite 
.... ,.':-.1ra~ius (1). 
2. For a uniform and constant Mach number (and a constant boundary layer 
growth), the test-section profile is straight. 
3. 
T~e expansioQ and cancellation sections of the supersonic nozzle will be · 
adjusted by jacking points at 
'locked' so that the rigidity 
(See figure 2.1). 
1.2 SHOCK LOAD ESTIMATES 
one inch intervals. These jacks are finally 
of the flexible liners~nsured •. 
. \0J 
The criterion in the design of the variable nozzle is the flexible expansion.and 
cancellation sections. The liner must be rigid enough not to deflect 
excessively undar load, but at the same time, it must be sufficiently ~-elastic 
· to take up the required profile. ~ 
A severe test of the strength of this liner wouldoccur as a normal shock 
. 111 t . . 
propagates down the nozzle •. ,{The very large pressure gradients associated 
with a normal shock, ma~imum at the nozzle exit 2 would create a turning mom~nt -about one of the rigid supports. To find the maximum stress within the liner, 
the bending moment on the plate must be considered at these·extreme conditions. 
(See figure 2.2). 
Assume extreme conditions at: 1. 




test section I expansio~ and I 
I cancellatioh -s _e_c_t-io-n-+---
( 
111 I Mz G,o .. • I 
1 
Figure 2 ·2 
width :: 2· 0 inches 
. · The bending moments along the nozzle liner are found ·by determining the reactions 
. at the rigid supports. This system represents a beam,· and the etati.c ? ) 
pressures represent uniform loads on its surface. 7?? u...~,~ '~ ---"' , ' . . 
This system is statically indeterminate because more than two supports are present. 
The solution may be found by reducing the problem to one that is statically 
determinate and then applying the law of superposition. 
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PART 2 
DERIVATION OF P·LATE 
MOMENTS 
BENDING 
2.1 APPLICATION OF SIMPLE SYSTEMS 
To find the bending moments on the nozzle flexible plate when a normal shock 
exists, it will be considered as a two-dimensional b'eam subjected to both 
uniform and concentrated loads. kv..> UJ.A i'.\.. \,~ v.·-...\~.,. W\. 
The normal shock results in a discontinuity· in the uniform loading on the plate. 
The influence of this shock is transmitted through the 'beam', but to a lesser 
. . ? 7 
~-+t Beyond a certain distance,, this 
. minimal and may be neglected.'?? Hence the nozzle plate 
influence will be ,,,_ ~ .· . ,,, ... ~,..r 
may be represented by 1A.J4t../- ? 
~~~~~~~~~~~~~-- I • 
a beam fixed between rigid supports and subjected:to a constant uniform load. 
(See figure 2.3) /,, 7"'- ;_/I'/ . 
RIGID BEAM UNDER UNIFORM 
LOAD 
Figure 2·3 
~I ~ w.."~ 
4 lvodt. . __..,J . 
"~ :n..e~ ~ 
~ ~t-e~ A,,..P_: 
t/. ~ 'e-; ,· t 
The loading is symmetric~l about the supports and the slope of the lin~r at 
points A and B is given as dy/dx = 0 
From (16): 
Bending moment, BM = CJt2 cl- x + ~2> --2- 6 l 2 ........................... 
The maximum deflection is at the centre of the beam: 
y 
max 






Nearer to the normal shock, the nozzle liner is subjected to uniform loa~ 
of different magnitude that are separated by a step function. In thi·s~fu, 
the influence of the shock on the liner will be assumed to extend over seven 
rigid supports. (Beyond· this, the influence of the coMtinuous beam wi~l be 
small). Because this system is statically indeterminate, it must be reduced to 
one that has only two rigid supports (See figure 2.4) 
RA 
108 
r: -2l . t 
A ...,.,...,..,...,~~.,..,..,.'l""T-1-1-1-~......._....._. ...... ..._~ B 
Rg 
t------ x 
BEAM UNDER UNIFORM LOADS 
Figure 2·4 
Thei reaction of the supports 
CJ2l 
are: 
- 4 ........................................... 
....................................... ~ ... 
The def~ection. equationi are given sepa~ately for each half of the beam: 
Lll X4 RA 3 
Ely = - 24 + 6""° X + .................. 
~ loc::xc::::::2l: 
Ely = ~~ • x~ + :1 .x3 t ~2 X2 +ex + o ••••••••••••••••••••••• 
-(j l SCJ l. 
Where Ki 
l ·-· 2 = ----4 4 
l2 
K2 = 2 (~ + W2) 
3 
l 7lJl l 
3 
c 
W 2 l 
= 48 48 
lJ2 l 4 (j l 4 
D 
l 
= 24 + :"24 
The derivation of these equations is given in appendix 2.1. 







supports are at one inch intervals and any one may be ·represented as a concen-
trated load in a simple determinate ~ystem. An example of this system 









BEAM UNDER CONCENTRATED 
LOAD 
Figure 2· 5 
8 
The reactions at the supports are: 
l 1 
RA= W(l- T) ················································ 2.7 
................................................ 
As before, the deflection is defined by two equations to cover the whole 
length of the beam. 
0<Xoe::::-t 1 : 
RA 3 . I 1 2 111 11 3 
= 6. X + W( 2 - ~ - 6T ).X Ely ............................ 
Ely 
3 . 3 
W 11 WI 111 11 11 . 
= - 61 . x3 + / • x2 - lil(-3- + 6l ) .x + Ill -g- .... 
The derivation of these equations is given in appendix 2.2. 




·The law of superpositon states that if the deflection caused by a load on a 
statically determinate beam is cancelled out by an opposite deflection due to 
a load at any point, then this load becomes the reaction of a third support (17) 
110 
be applied to the considered length of nozzle liner to find the 
t the seven rigid(or jack) supports. (See figure 2.6). 
I <U2= 5 7. 6 lbs./ inch 
TI II 111111111111111111111If 11111 II~ I I II II ~1111111 
w1:29·7 lbs./i"nch I 
UNIFORM LOAD DISTRIBUTION 
Figure 2 .5 
This beam is statically.indeteriminate to the fifth degree. Remove the 
supports 2 to 6 so that the beam is statically determinate and then apply 
equatiohs 2.5 and 2.6· to find the deflection curve of the beam under uniform 
loads cJl and w2 (see figure 2. 7). 
Similarly, applying concentrated loads at each of the support points 2 to 6 on 
the statically determinate beam respectively, the deflection curves may be 
.found from equations 2.9 and 2.10 in terms of the concentrated ioad w. (See 
figure 2.8) • 
. The sum of the deflections at the five points, where the concentrated loads are 
applied, must cancel out the deflections at the same points due to the 
uniform loads. Then, the law of superposition, the loads required to produce 
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TABLE 2.1 .. 7 
-
Concentrated Deflection at jack points in terms of eachS multiple 
loads at : load . EI . 
·Y 
1 2 3 4 5 6 7 
Point 2 0 1.39 2.11 2.17 1. 72 0.94 0 xW
2 
Point 3 0 2 •. 11 3.56 3.83 3.11 1. 72 0 xW 3 
Point 4 0 2.17 3.83 4.50 3.83 2.17 0 xW4 
Point 5 0 1. 72 3.11 3.83 3.56 2.11 0 xW5 
Point 6 0 0.94 1.72 2.17 2.11 1.39 0 xW 6 
\ 
Defl. due 
to Unif. 0 79.14 164.59 235.41 244.80 159.54 0 
load EIW 
Table 2.1 summarises all the deflections due to the uniform loads and due to 
each concentratep load. The solution may be determined when the sum of the· 
deflections, at each jack point, is zero. 


























This matrix is solved numerically using a digital computer. 
programme for its solution is given in appendix 2.3 
The output is given as.: 
\ 
w2 = -32,2928 lbs 
w3 = -34.1568 lbs 
w4 = +13, 7290 lbs 
w5 = +60,5596 lbs 









These now become ~he re~ctions _at t~e rigid s~a- 6 respectiv~ly when· 
the nozzle plate is subjected to uniform load~ . ~· . The reactions at · 
. . 
the end supports at 1 and 7 are. found by applying equ • ans 2~ 3 , 2. 4, 2. 7 ·. 
·and 2.8. The results are summarised in table 2.2. 
TABLE 2;. 2 
.. 
I 
Load Distribution Rl R7 
Uniform load lbs lbs 
+ 2 -23,625 +107,325 1 
Concentrated load 
w2,w3,w4,UJ5,w6 w I 1 11/1 
At -point 2 -32,29 1" 1/6 -26,9ll. -5,382 
At point 3 -34,16 2" 1/3 -22,771 -ll, 386 
. At -point 4 +13,73 . 3" 1/2 +6,865 +6,865 
At point 5 +60,56 4" 2/3 +20, 187 +40' 373 
At point 6 +65' 72 5 II 5/6 +10. 953 +54,763 
Summation of all the loads at pts 1, 7 due to all 
-ll, 947 22,093 the loading. 
1hese results are given in figure 2,9. i.e~ The complete loading on the 
fle~lbl~ plate is given over seven inche~ of its length. 
-11.94 7 lbs 
1 
-34· 157 lbs; 
- 32 293 lbs. 
2 3 
29.7 lbs/inch 
\ 13·729 lbs 
5 7.5 lbs/inch 
5 -6 7 
----x 
22·( 9 3 tbs 
60.560 lbs 
6"----~--'6;_5_:7_1_5_lb-:-s _ _, 
·LOAD DISTRIBUTION. ON BEAM 




The bending moment equations for this 1 beam 1 are derived for each of the six 
sections between the reactionary supports. These are classified into two 








Rn (X - n - 1) •• 2.12 
Here n refers to the jack support number below the section being considered for 
bending moments. The number of summations is equal to n in both classifications. 
i.e. For the section between points 5 and 6, n = 5 and the summation 
in equation 2.12 is: 
The solution to these two equations is given in figure 2.10. Also presented 




only,'derived from equation 2.1. 
Fortunately, the maximum bending moment due to a normal shock incident upon 
the nozzle liner surface at a rigid support is not much greater than that due 
. 1 ~ 
to a continuous' pressure distribution. (In the order of 10% greater). The 
~ __,-./ 
irregularity at the ends of the beam is because they have been assumed free, 
whereas, in fact, the nozzle liner is continuous. This assumption only 
tends to exaggerate the bending moments at points 1 and 5. 
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3.1 DESIGNING THE FLEXIBLE PLATE 
The flexible section of the nozzle liner, between the throat and test-section, 
must be designed so that it does not deflect excessively under load, but also 
must retain the desired profile without large restraining forces. These 
two conditions indicate that the optimum liner thickness must be carefully 
selected. 
Deflection: 
Because the pressure distribution along the nozzle line is changing, so will the 
maximum deflection of the liner between the rigid supports. If this pressure 
gradient is small over each section, then the liner may be assumed to 
correspond to the beam ahown in figure 2.3. The maximum deflection is given by 
equation 2.2 as: 
lJl 4 
y max = -E-I-·3-8·-4 
This maximum deflection is given in figure 2.11, for different nozzle plate 
thicknesses, in terms of the pressure differences across the liner. 
To maintain a reasonable limit to the extent of this deflection, the plate 
thickness must be ·greater than 0,030 inches. 
Elasticity: t 
The dimensions of th liner must be such that it does not deform permanently 
under load. The ma imum stress, _that the nozzle liner will be subjected to, 
will be caused by the summation of the bending moments due to pressure loads 
and that due to bending loads (To form the desired profile) 
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Figure 1-12 
Figure 1.12 represents the expected bending moments on the flexible nozzle 
liner and the resultant due to both pressure and bending loads. 
To .relieve the bending loads to some extent, the nozzle liner may be pre-moulded 
to the average shape of the nozzles. (i.e. A suitable guide would be the IYlach 
2.5 .nozzle). The resulting bending moments in the actual system must remain 
within the limits that would produce plastic deformation. 
The maximum stress on the flexible nozzle liner is given by: 
A--- B.IYl _ 
~ - I - 9 ......................................... 
wt 3 
Where the moment of Inertia; I = -i'2 ................................ 
2.13 
2.14 
A cross-section of the liner is given in figure 2.13; it defines the above 
dimensions. 
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CROSS-SECTION OF NOZZLE PLATE 
Figure 2 .13 
The thickness of the liner, t, must be kept to a minimum so that the loading 
due to profile forming is not too great. Although it is difficult to predict 
exactly what the bending moments are in profile forming the nozzle liner (esp-
ecially as the nozzle is pre-moulded) a guide may be obtained from: 
EI 
r = BIYI ....................................... 2.15 
Where r is the radius of curvature that the nozzle liner will be subjected to. 
This equation is given in figure 2.14 for different thicknesses of liner plate. 
To find a suitable nozzle liner thickness, it must be subjected to extreme 
conditions: Assume that: 
1. The minimum radius of curvature, that the liner will have to be moulded 
to is 7,5 inches (the resultant bending moment will be less for a 
premoulded liner). 
2. The maximum pressure load at the same section of the liner will be 
about 40 psia. 
The summation of.the bending moments due to these two extreme conditions is 
given in figure 2,15. The maximum bending moment limit for a maximum elastic 
stress (100,000 lbs/in2 ) is derived from equation 2,13. This limit is also 
given in figure 2,15. 
This figure shows that the most satisfactory range in liner thickness, so that 
the probability of plastic deformation is kept to a minimum. is between 0,020 
and 0,045 inches. 
Any ielaxati~n, in the bending of the linet or the pressure it is subjected to, 
will reduce the maximum bending moments and the probability of excess stress. 
Therefore, a nozzle liner thickness of 0,030 inches should be suitable in both 
strength and ability to resist deflection. 
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3.2 DESIGNING THE VARIABLE NOZZLE. 
The final design of the variable nozzle, that satisfies all of the 
requirements, is given in figure 2~16. 
Nozzle Liner 
The nozzle liner surface is continuous from the subsonic inlet to the test-
section exit. The change in nozzle contour length, due to alterations in 
design Mach number, are accommodated in sliding groov~s at each end. The 
liner may b~ attached to the jack supports by spot welding and the surface 
may then be covered with a thin film of some plastic to remove the irregularit~es. 
Subsonic Inlet 
The only condition laid down for this section is that the radius of curvature 
near the nozzle throat is large. The large positive pressures in the subsonic 
inlet are. carried by a flexible rib which is connected to a horizontal pivot 
at one point. This pivot arm is necessary to locate the position of· the 
nozzle liner in relation to the nozzle box. 
Expansion and Cancellation-Sections 
. This section is very important in the development of uniform parallel 
supersonic flow. The flexible liner is located at one inch intervals by 
adjustable supports which determine the vertical co-ordinates of the nozzle 
contour. Once the desired nozzle profile has been set, the support is'locked' 
so that rigidity of the structure is ensured~ 
Test-Section 
The test-section is straight and may therefore be backed by reinforcing. The 
flexible section of theliner overlaps into this section so that the ~ozzle 
length may be increased if necessary. 
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summARY 
This chapter deals with the alterations to the control system and the performance 
analysis of its response. 
The limitations of the original control system are discussed in part -1. The 
necessary improvements are presented together with the test results of the damp-
ing cylinder and shut-down piston. 
Part 2 presents a comparison of this system with a simple spring system and 
indicates the possible deviation of the valve response. The control components 
are analysed and a block diagram is set up to represent the system. 
This block diagram is simplified and from it a third order differential equation 
l"2.. 
derived. It is solved, in part 3, using a Laplaci.arrtransform. These 
response curves are used to confirm the analogue s~mulation of the system. 
~ 
The analogue system is t~ extended to include the effects of non-linear 
damping and storage drum pressure decrease (In part 4). The results of this 
simulation are compared to the performance of the control system in part 5. 
The differences between the response curves are discussed and the possible 
reasons as to the causes are given. ,__._________.. 
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PART 1 
DESCRIPTION OF SYSTEM AND 
SOME OF ITS CHARACTERISTICS 
1.1 INTRODUCTION 
The control valve is required to retain a constant settling chamber pressure 
although thg upstream pressure may be changing. It is also used to initiate 
flow and to terminate it after the blow-down is complete. 
The pneumatic control system for this valve is shown in.figure 3.1 and 
operates as follows: 
The desired operating pressure is set on the regulating valve (1) on the 
control panel. This pressure acts on the upper surface of the flexible 
diaphragm in the control chamber (2). The settling chamber (3) is connected 
to the chamber below the valve control diaphragm so that the stagnation 
pressure acts on the underside of the diaphragm. 
The initiation and shut-down of the flow is achieved by means of the shut-down 
piston(4). Pressure is applied to this piston so that the valve may be lifted 
against the set pressure. Flow is initiated when the shut-down pressure is 
released at the controlling two-way switch (5). The valve will open due to 
the downward force acting on the valve as a result of the set pressure on the 
diaphragm. The.settling chamber pressure will increase until the mass flow j 
rate entering the settling chamber is balanced by that leaving through the 
supersonic nozzle. This settling ch~mber pressure acting on the underside 
of ~he diaphragm reduces the total controlling force which is defined as the 
force resulting from the difference in pressure across the diaphragm. When 
these pressures are equal, the system should be in equilibrium. 
During the blow-down period, the reduction in storage drum pressure tends to 
reduce the settling chamber pressure. The valve compensates for this reduction 
in the st~rage drum pressure by opening further until the pressure forces are 
again in equilibrium. Shut-down of the flow is achieved b~ re-applying the 
full control pressure to the shut-down piston. 
1.2 FAULTS OF THE ORIGINAL VALVE 
The original settling chamber pressure control valve was chosen as a component 
of the supersonic wind-tunnel because of its cheapness and availability over . '")) 
the more suitable flap valve. Its performance was not entirely satisfactory 
~







on-off control mercury manometer 




control storage drum 
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1. The degree of its control of the settling chamber pressure was limited over 
a run. The pressure tended to drop with the storage drum pressure (11). 
2. The spring control did not offer any form of damping. Consequently, 
oscillation of the valve, after starting a blow down, continued for some 
time (5). 
3. Leakage of control air into the tunnel led to difficulty in setting-up 
heat transfer models. 
4. Setting up the desired stagnation pressure had to be done manually by chang-
v--
ing the pre load on the controlling spring. It .was J:!.Ppractical to adjust 
this pressure during a run period. 
1.3 mooIFICATIONS INCORPORATED IN THE CONTROL SYSTEm. 
The reduction of these deficiencies in the valve control, with a minimum of 
alterations to the system, was a straightforward problem. 
The spring control was removed and replaced by a pressure control which could 
be set by remote adjustment. (See figure 3.1). A damping cylinder, shown in 
fugure 3.2, was incorporated to limit the degree of oscillation of the valve 
during flow initiation. The motion of the valve is now controlled by the 
difference in the pressure across the valve diaphragm, the damping forces and 
the inertia forces. 
the valve operation. 
These forces must be in equilibrium at any stage during 
A separate sub-unit was incorporated to close the valve against the set pressure. 
As the shut-down piston, shown in figure 3.2, is subjected to the full control 
pressure, it has a rubber 0-ring seal to prevent air leaking into the tunnel 
before the run begins. This unit is divorced from the valve so that ones the 
valve has opened fully, the shut-down piston looses contact with the free moving 
~.
valve andLnot further influence its characteristics. 
The spool valve is designed with double seats so th~t any pressure forces on 
the valve faces, due to the flow of fluid, are balanced and no external forces 
are necessary to keep the valve stationary. At particularly high pressures this 
is not so and a certain degree of unbalance is to be. expected. This will upset 
the balance of the pressures across the diaphragm but the degree of this 
unbalance should be small. The only way to correct this is to apply an 
external pressure. to rebalance the system. 
applications of the wind-tunnel. 
This is not warranted for most 
The damping cylinder and shut-down piston must be tested so that the damping 
, forces and the static friction may be found respectively. This is necessary 












----- on - off control 
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PRESSURE CONTROL VALVE 
Figure 3.2 
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1.4 SHUT-DOWN PISTON 
Although the shut-down piston sub-unit does not influence the behaviour of'the 
valve during the tunnel operation, it most certainly will affect its opening 
characteristics as flow is initiated. ~ t;k_._ ~ ~:,,_--
1. The effective mass of the valve is increased by that of the shut-down piston 
during the first downwards movement of the valve. 
2. The drag on this piston is transmrtted.ito the free valve system. 
Once the valve has opened, the increased downstream pressure acting on the ~ing 
face of the shut-down piston prevents it from 'making any further contact with 
the valve. 
The static frictional fbrces of the piston are easily determined by subjecting 
it to increasing loads it slips. The application of a lubricant to the rubber 
0-ring seal resulted in a deviation from the normal static friction characteristics 
(see figure 3.3). This curve appears to show a transition between static and 
viscous friction. 
I 
The static friction results from the reaction of the rubber seal on the rough 
cylinder walls. The distortion of this seal due to this reaction 





in addition to the distortion· due to the pressure forces effectively seal the 
piston against air leakage (see figure 3.4). 
The maximum force required to move a body is usually presented as: 
............................... ~ ......... . 3.1 
In the presence of a lubricant, such/ as a grease, the surface roughnes_s of the 
cylinder is effectively reduced and so is the static friction coefficient 
The application of a ~ubricant also introduces viscous friction which results 
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in the deviation of the graph. The force thus becomes velocity depenoent. At 
high loads, the static friction law predominates over the viscous friction so 
that a limit to the drag force is reached. 
Although the maximum resistance to movement of this piston is small in relation 
to the controlling forces on the v~lve,. it may have some influence on the valve 
I 
response properties. ; 
1.5 DAMPING CYLINDER 
: ~(1rThe valve damping cylinder was calibrated for different bypass orifices under 
~ similar loading conditions experienced during the operation of the valve. 
The orifice screw is fixed into the damping piston bypass (6) as shown in 
figure 3.2. 
damping. 
The diameter of.the orifice determines the magnitude of the 
· 
1 Velocite 1 was chosen as the hydraulic fluid because its viscosity is almost 
independent ~temperature changes. 
The terminal velocity of the damping piston was measured for a downwards 
movement by means of a displacement transducer and an oscilloscope. Increasing 
loads were applied by means of the set pressure acting above the valve 
controlling diaphragm. These forces resulted in the hydraulic fluid being 
forced past the damping piston ~nd through the bypass orifice. 
The upward motion of the valve has been assumed to have the same characteristics 
as the downward motion for .all practical purposes. It should be noted, though, 
that the magnitude of the damping force, for an upward movement, is limited to .Kf( when the prsssura below the piston reaches absolute zero. Because the damping 
( . ~ylin~ is ~jected to the full set pressure, it is unlikely that this limit 
will be reached. 
'{.._The viscous for~e (F ) is duF.1 to the set pt'assurs (P t) acting on the 1Jalve 
v se 
\[diaphragm as :»ell F.ls the l1Jeigi1ts of the val\t~ and shut~dbwn· piston and the 
\ drag of the shut-down piston. 
.. 
F = P t. A + (W +' W v se v p F ) p .............................. 3.2 
The terminal velocity of the valve was measured for increasing sat prsssu~es on 
the valve diaphrr3gm and increasing bypass orifice diameters. 
these tests appear in figure 3.5. 
The· r8:~ults of 
These curl/es appear to be straight lines for very high damping and mciy be 
represented as: 
Fv = c0 . x V ••••••••.•••••.•••••••••••••••• ~ •••••••••.••••• 3.3 
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For lower damping, t~e approximate solution ~o the non-linear curves may be 
represented as: 
F C X V
2 
v = DRL e • • e • • • • e e e ••. • •••• I e e e e ••• e e • 'I e e • e e e e e e e • e I e I I I e 3 e 4 
Dis~~~ion o~ __ d_~..£~9..':!.~~ 
. l ( For the~ass, the dampin;i cur1113 i.<i linear. The mass transfer of f~L 
tak~s place past the damping piston and the flow may be considered laminar. 0-
With the inclu8ion of a small opening, the damping curve is non-linear at low 
forcing·rr8ssures. It is suspected that turbulent flow exists through the 
bypass orifice and the resistance to flow may be assumeij to be r~ughly proport-
ional to the squ~re of the velocity (18). As the forcing pressure increases, 
the flow pa~t the piston increases at a greater rate than the flow through the 
bypass. So t~at at high forcing pressures, the damping curves appear linear. -






















1"-sum of damping curves 
I 
damping curve due to flow past bypass 
°'Va 
VELOCITY 
curve due to flow past piston 
o<.'i 
·DAMPING CHAR~CTERISTICS 
Figure 3. 6 
As the damping is decreased further, the l~minar flow past the damping piston 
is ~xceeded by.the mass flow rate through the bypass orifice. 
domi,ant characteristic is turbulent flow. 
Thus the 
F,qr.·:;high valve velocities, the influence of the inertia of the valve and 
damping piston becomes' apparent from the response curves on the oscilloscope. 







































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































valve between its limits of travel and its tii.'mina.l velocity. Because of 
difficulty in measuring the terminal velocity accurately, the square of the aver-
age velocity was plotted in terms of the forcing pressure in figure 3.7. w1 !~ 
These curves show an upward deviation from the expected linear characteristic 














Figure 3 .a 
~ otal displacement 
0-25inches 
The terminal velocities were roughly estimate~~he straight line character-
' 
istics of turbulent damping are superimposed upon these curves. 
The damping coefficients for the whole range of bypass orifices are derived as 
outlined below: 
1. Linear damping coefficients are found for the first three bypass numbers 
o, 1 and 2 from the straight line that approximates the pointe of the 
forcing pressure-velocity graphs. 
2. Non-linear damping coefficients are found for the balance of the bypa~s 
orifices from the graphs of forcing pressure versus square of the velocity. 




DERIVATION OF A MATHEMATIC MODEL 
·OF THE CONTROL SYSTEM 
2.1 DESCRIPTIVE ANALYSIS 
One of the important aspects of the design of the control system, is the study 
of all the factors that are likely to affect its performance. By comparison 
with simpler systems, whose response is well known, any problems that are 




·· spool valve 






The supersonic wind-tunnel settling chamber pressure control system is shown 
in figure 3.9. Sonic flow occurs past the valve seals during most of the 
valve operation (see Chapter 1, part 5.2). Hence the mass flow rate past the 
valve is a function of the upstream pressute and the valve displacement. 
The mass flow rate through the nozzle is a function of the settling chamber 
pressure. Therefore, if the storage drum pressure is fixed, and the mass 
flow rate past the valve is equal to the mass flow rate through the nozzle, then 
the settling chamber pressure must be proportional to the valve displacement. 
The f~ctors influencing the valve motion are: 
1. The inertia of the· valve. 
2. The damping forces (assumed 
3. The valve controlling forces 




as the product of the diaphragm 
pressure - settling chamber pressure). 
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The solution to this system is well known. 





The displacement of the valve will --· 
This solution neglects, however, the capacity effects of the settling chamber. 
( 
There is a time delay between the change in settling chamber pressure and the 
corresponding change in valve position. (See figure 3.11). 


















This time delay produces a l~g in the application of the force that restores 
the equilibrium of the valve. If the system has no damping, and a pressure 
is applied to the upper surface of the diaphragm, the valve will open and 
overshoot the mean position. Because of the delay in the .E._estoririg force, the 
.~ 
than the initial displacement X magnitude of the overshoot XL will be greater 
~' . 
{Referring to figure 3.12). ·Consequently the amplitude of the alternating 
0 




increase with each successive oscillation of the valve, until the valve reaches 
its limit of travel. 
In a self-excited vibration,the alternating force that sustains the osciilation 
is created or controlled by the motion itself; when the motion stops, the 
alternating force disappears. Den Hartog (19), terms the ~ffect of self-




























----:--pressure controlling force 
SYSTEM RESPONSE WITHOUT 
DAMPING 
Figure 3.12 
external ener~ source, in this case the pressure potential of the control air, 
the1system may increase in energy. Thfs could result in damage to the control 
components. 
This 'negative' damping must be stemmed by a positive damping system.· The 
degree of this damping defines the characteristics of the valve motion. A 
normally desirable characteristic is critical damping whereby the valve is brought 
~· 
to rest in the quickest space of time but without.any oscillation •• 
i.e The potential energy due to the controlling pressure across the valve 
diaphragm and the valve displacement must be balanced.exactly by the 
.. 
energy absorbed in the damping cylinder during the initial displacement of the 
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of valve 
due pressure difference across 
diaphragm 
force of valve weight 






An analysis of the control is very limited if based solely on this argument of 
negative and positive damping. A much more satisfactory method of control 
analysis involves the derivation of the complete mathematical model. 
2.2 ASSUmPTIONS 
There are a number of factors that are likely to influence·the control. 
Although their effects should be considered in relation to the final valve 
characteristics, it is bn"practical to include them in the control analysis. 
Tb.e~.$,,sumptions necessary to simplify the construction of the system block 




Any unbalance of pressure forces on the valve seat faces are neglected. 
These forces, which arise from different valve seat diameters and turbulence 
within the valve body, chaP'ge with storage drum pressure. Because there 
are so many variables concerning the magnitude 1 of this force, it can only -----
be found from tests. 
It is assumed that the damping force is proportional to the velocity at 
high~mping and is proportional to the square of the velocity at low 
damping (See chapter 3, part 1.5). These are only approximations of the 
actual curves. 
3. The valve controlling force is taken as the product of the pressure 
difference across the flexible valve diaphragm and the diaphragm area. 
4. .The mass and the frictional resistance of the shut-down piston, during 
the initial positive displacement of the valve, are neglected. 
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5~ The pressure difference across the valve is assumed to be such that the 
air velmcity is sonic at the valve seats. The mass flow rate is then 
only a function of the valve displacement and storage drum pressure. 
6. Although the mass flow rate through the nozzle is proportional to the abslute 
settling chamber pressure, it is necessary to exP-ress it in terms of the 
gauge pressure.~ .t..o ~ ~ ~ . · 
7. 
a. 
As a result of the Joule-Thomson effect, there is no temperature ~ 
across the valve .(20). The storage drum and settling chamber air[ is 
assumed constant at 550°R (11). 
The time necessary for a disturbance of the valve to effect a change in 
pressure across the diaphragm is very small (in the order of D,5 x 1D-
2
secs) 
and may be neglected. \ J. 
2.3 DEVELDPmENT OF THE BLOCK DIAGRAm 
In order to develop"the full control block diagram, it is advisable to consider 
each of the main components of the control separately. The three main sections 
are: 
1. The Valve: 
This is influenced by the i~effects of it~~ the viscous damping 
and the controlling force on the valve d~aphragm. The motion is described 
by the valve displacem~nt X. 
2. The Settling Chamber Capacity: 
The capacity effects are influenced by the volume of the settling chamber 
and the nozzle and valve flow characteristics. 
at any given instant of time~ 1. 
lps represents the pressure 
3. The Storage Drum: 
Valve 
This external circuit is added to the main control system. ,...______ It describes 
the steady decrease in storage drum pressure during the operation of the 
tunnel. 
Figure 3.14 is the block diagram for the valve. T.he difference between the 
pressures acting on either side of the diaphragm give rise to force F1 which 
















..._ _____ _,}( 
Jdt 
x 
valve mot ion 
Non-linear damping effects have been neglected in this block diagram. The 
system can thus be described by an ordinary linear differential equation. 
Settling Chamber 
The mass flow rate past the valve is a function of storage drum pressure and· 
valve displacement. Hence for a constant storage drum pressure, if the control 
valve is displaced from the closed position b~3nction X, the mass flow 
rate past the valve will be constant; point 1 in figure 3.15. Initially 
the settling chamber pressure is z~ro, so that the mass flow rate through the 
nozzle is zero. As the air mass builds up in the settliFlg chamber, the 
pressure and the mass flow rate through the nozzle increase. The settling 
chamber pressure will follow the nozzle characteristic curve until the mass 























....-"T-\""-- valve flow 
Ps1 





Pi = constant 
The settling chamber block diagram in figure 3.16 indicates the dependency of 
the settling chamber pressure upon the valve displacement. The increase in 
mass m, (and hence pressure) in the settling chamber is equivalent to the 
difference in the mass flow rate into and out of the settling chamber. . . 


















for a constant storage drum pressure, P., and mass flow rates into and out of 
)\ • • 1 
Ll the settling chamber, m1 and M2 respectively, the flow diagram may be simplified 
too: 
x------1 
It is convenient to put 0 as the 
The transfer function is thus:-
; 
p s KIP i 




Where X is the input disturbance and P is the response. 
s 





cit + K p = 2 s ................................. 3.5 
The following is the settling chamber pressure response to a step change in 
the valve displacement. 
~. ~the particular solution to this equation is found when dP s/dt 
is zero. 
p = sl 
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The complementary function is obtained when X is equal to zero in equation 3.5. 
Therefore this equation becomes the characteristic equation of the system being 




•• (D + -V- ) = 0 
A solution of this equation is: 
ps2 = Ae(-K2RT/V)t 
Where A is an arbitrary constant. The characteristic function, K2RT/V, is 
always positive, so that Ps 2 decays to zero. 









found from initial conditions, viz. 
-
p = 0 at s 
p x (1 -(K2RT/V)t) = . e . ....................... s K2 
t = o. 
3.6 
For steady conditions, when the mass flow rate entering is the same as that 
leaving, the particular solution holds. 
i.e. p 
·S 
(See figure 3.17). 
Pi X as t -o 
It is interesting to note that the characteristic function, which determines 
the rate at which the pressure changes in the settling chamber, is only 
dependent upon the nozzle flow coefficient K2 and the settling chamber capacity 
and is independent of the valve flow coefficient K1 and the storage drum 
pressure. 
. 
It may be shown that for the wind-tunnel, with a Mach 2.35 nozzle, 98% of the 




+ ~lR x 1-----
K2 I 














Ps ·= Ps1+ Ps2 
TIME 
PRESSURE RESPONSE CURVES 
for a step vdve displacement 
Figure 3 .17 
This section of the system has only a secondary ef~ect on the response of the ------...._ 
valve. It will not effect the initial form of the response. Should any 
disturbance upset the equilibrium of the valve during a run, the response of 
\__\ the settling chamber pressure will correspond to that of a lower storage drum 
1 <pressure Pd. 
The mass flow rate through the valve m1 , is a function of the valve opening and 
the actual storage drum pressure Pd. This actual pressure Pd is the difference 
between the initial storage pressure P. and the pressure loss P
1 
due to the 
1 . 
reduction in mass in the drum. The block diagram is given in figure 3.18. 
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BLOCK DIAGRAM 





The following tran~~er function may be deduced from the block diagram: 
~ . 
~,, RT\ 11\ xt= K 1 <pi - ~ ) o . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3. 7 
This function does not directly relate the displacement X to the mass flow 
rate m
1 
because of the appearance of the factor m1 on the right-hand side. 
Consider the valve displacement for a constant mass flow rate. 
if m1 is constant. 
Therefore equation 3.7 may be rewritten as:-
1 KlPi K1RT t ----x - . Vd '\ m1 . 
m1 
From initial conditions; t o, oxi = = KlPi 
1 1 KlRT 
-=---t X X. Vd 
l. 
This equation is shown in figure 3.19. 
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If the initial mass in the storage drum is IYli, then as. X --- oo the time taken may 
be shown to be: 
VdPi 1 
IYll 7 t ,• = R"T . = IYI . 
IYll 1 
If the valve can only ;open to three times its initial displacement; it will 
only be able to retai~the co stant mass flow rate for 67% of the available 
d. - . • ~~.AtJJ --....1)) 
run time. rtl<J'-r V? ~ ' · 
The Complete Block Diagram 






























VALVE CONTROLLING RESPONS~ 12 






























SETTLING CHAMBER CAPACITY 
COMPLETE CONTROL BLOCK DIA GRAM 
Figure 1· 20 
Steady conditions wirl only prevail when the settling chamber pressure is 




3.1 REDUCTION OF BLOCK DIAGRAm 
To determine the response of the control system formulated in figure 3.20, the 
flow diagram must be simplified and a transfer function deduced giving the set-
tling chamber pressure in terms of 1set 1 pressure.· 
The transfer function for the storage drum (equation 3.7) is dependent on the 
output function m1 • Fortunately the omission of the block diagram, .that-~· 
controls the decrease in storage drum pressure, does not alter the initial 
response of the system and simplifies the differential equation that describes 
this response. 
From figure 3.20 
Pset 




















N.B. As UJ is a constant, it may be omitted 
of the system, but will merely define 
1 1 
A( (~) 02 ) (KlPi) ( ) Let c0o + 
Vs 
g K2( RT 
)D 
Hence the final reduction yields: 
+-
I 
Pset + W/A r/J 
1 + .'1 
The transfer function may be written as: 
as it will not influence the response 









.••••.•..••.........•••.•......•••...•••....... 3. 9 
se 
Note that the effect of the weight of the valve UJ/A, is not included in the 
transfer function, but must be included in the input disturbance (N.B. As 
before, it just changes the datum from which the response is measured). 
~ 
3.2 SOLUTION OF THE CHARACTERISTIC EQUATION 
Equation 3.9 must be put in a f?rm that can be solved. 





Let G, = s c2 (· gRT = + RT 
(, K2CD' c4 = r. i. 
The • ,r. function r g written as:-
p t + w 
se A' 
= ................... 3.10 
. 0 c 3 + 4 
Let psett +tu/A = pl 
............. 3.11 
~-
The solution of this non-homogeneousldifferential equation is easily found 
by transforming it to an equivalent algebraic expression by application of 
the laplace transform. The manipulations necessary to find the solution then 
become algebraic. On completion, the resulting algebraic function may be 
transformed to yield a solution in the time domain. The initial conditions 
are included in the transform process thus eliminating the tedious problem of 
applying them to the general solution. 
The laplace transform of equation 3.10 is given by the following equation if 
all the initial conditions are zero. 
L(P ) - -. .--3 - - -
l(Ptotal) 
= 
The laplace transform of the sum of two functions is equal to the sum of the 
separate lap lace transforms of the function~ 
. ~ L(P 3) A B c 
L(Ptotal) 
= (1 + K1S) 
+ (1 + K2s) 
+ (1 + K3S) 
Where A, Band Care constants· and - l/K1 , - l/K 2
, and - l/K
3
·are the roots 
of the third order equation; 
If the set pressure undergoes a step change then: 
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L(Ptotal) = H/S ; when ptotal = H 
AH BH CH 
-~ ·S(K2S·+ 1}. + 
The form of solution pf this equation is recognised in table 4.2 (9) for 
laplace transform pai~s: 
. t/k -t/K ) · -t/K ) P = AH(l-e - 1) + BH(l-e 2 + CH(l - e 3 ••••••••• 3.12 s 
This equation can be split up into the particular solution, which is the 
steady condition of Ptotal, and the complimentary function which is time 
dependent. The values of the roots K1, K2 
and K
3 
give the form of response 
and determine the stability of the system. 




This equation may be rewritten 
-t/K 
H(Ae l + Be 
-t/K -t/K 






Where B1 , B2, B3 are constants that may be found from initial boundary 
conditions. 
3.3 RESPONSE OF THE SYSTEm 
3.13 
The settling chamber pressure response characteristics may be found by sub-
stituting the supersonic wind-tunnel parameters into equation 3.13, and finding 
the boundary conditions. The degree of damping, the supersonic nozzle mach 
number and the storage drum pressure have an influence on this response. 
' 
Becuase this theoretical approach is limited to linear damping and a constant 
storage drum pressure, it will only be used as a guide to the accuracy of the _.__ 
----analogue computer. 
~
Roots of the characteristic Equation: 
--......_ ____ _ 




+ c3o + c4 = o 
The mathematical solution to the roots of this cubic equation can be tedious. 
A satisfactory result was obtained using a small Olivetti desk-top c~ 
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The programme is discussed and presented in appendix 3.3. 
The solution to this above equation is found by eliminating the second term. 
The real root is determined by the method of tangents:-
The recurrance relation is given as: 
Y n = 'f n-1 F (Yn-1) l 
F ('fn-1) 
l Ulhere 'f n and y n-l represent two successive approximations to the root and F ('/) 
is the derivative of F('j). Once the real root has been found after a number 
of i.yerations, the programme· calculate_s the other. two roots from the quadratic 
equation. 
The ·form of the three roots indicate the type of response: 
1. Three negative real roots :- (-ri, -r~, -r3) 
The system is overdamped. The response will approach the particular sol-
· .1 1 utton without any oscillations. 





This is critical damping; the response will approach the particular 
solution most quickly without any overshoot. 
3. One root is negative, two are imaginary with a negative real part:-
The response is oscillatory about the particular 
solution, but eventually decays. 
4. One.root is negative, the real part of the imaginary roots is zero:-
(-r1, 0 ! r 3i). The response is oscillatory about the particular 
solution wihout any decay. 
S. One root is negative, the real part of the imaginary root is positive: 
(-r1 , +r 2 ! e 3i). The response is unstable and the system will oscillate 
about the particular solution with increasing magnitude. 
Critical Damping:-
~ The coefficient G is very small at heavy damping in .relation to be other co-
~efficients c2, c3 anq c4• Therefore the influence of the first term in the 
characteristic equation may be neglected for low values of D. (see figure Al in 
appendix 3.3. D ~ 2,605 near critical damping). 
r-Re-r·ei'fffElthe characteristic equation may be rewr1tten, only for heavy damping 
'\\ 
and ~values of D, as:':" ·· 
2 c
2
o + c3o + c4 = 0 
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T~the characteristic equation ~ay be rewritten, only for heavy damping 
ind low values of D, as:-
Critical damping occurs when' the two·roots of this equation are the same. (See 
point 2 above). For the roots to be the same, the following relation must 
be satisfied: 
Substituting in the values of these constants:-
•. . c2 Der 
4V AK1P. ( s l.) 
RT K 2 
s 2 
Substituting in the specifications of the wind-tunnel given in appendix 3.2, 
the two possible solutions for critical damping may be found: 
c Dcr.l 
c Dcr.2 
~ac: lbs = -2---~ ft sec 
impossible 
= 101, 275, lbs sec 
ft' ' 




For ~ dampi~g coefficient, CD 
equation are found to be: 
lb = 100,000 ft sec, the roots of the characteristic 
+ - 173,995 , -2,605 - o,o 
Applying boundary conditions (see appendix 3,4) and substituting into equation 
3.13 gives: 
-2,605t 
ps = ptotal - ptotai e 
Example 2: 
........................... 3.14 
For damping coefficient, c0 
equation are found to be: 
lb = 10,000 ft sec, the roots of the characteristic 
-17,405, - 2, 605 :!: 7,· a?"i. ' l. 

















































































































































































































































































































































































































p = p _ ptotal e - 2, 60St sin (7,87t + 71°41 1 ) 
() \ ,. s total 0, 9494 • • • • • • • • • • 3.15 
9,for a step function of Ptotal dqual to ~b lbs per sq.inch, the 
response curve is presented in figure 3,21 together with its analogue 
counterpart. 
The second exam~le follows the analogue solution perfectly. Unfortunately Jl 
at the heavier damping, the solutions differed slightly. There was a 10% lag 
~
in the response of the analogue simulation. This may be explained by the over-
loading of the computer amplifiers when a large gain is necessary to simulate 
heavy damping. (i.e. For large gains, the result is unreliable (10)). 
A summary of the roots of the characteristic equation, in terms of the linear 
damping coefficient, is presented in figure 3,22 for the following changes: 
1. Increasing Mach number: 
The frequency of oscillation remains the same (given by the imaginary 
root), but the rate at which the settling chamber pressure approaches 
steady state conditions is decreased for the higher Mach nozzle (given by 
the real root). 
2. Decreasing storage drum pressure: 
The rate of decay is the same for any storage drum pressure 
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· 4.1 INTRODUCTION 
Simulation of a control system by an analogue computer may be satisfactorily 
undertaken if the following points are borne in mind: 
1.. The variables are governed by the voltage; the limit ·is set at ± 10 
·volts. 
2. The plotter is limited by mechanical movement. 
necessary to reduce the response rate.· 
Time scaling may be 
3. Inaccuracies are present when low voltages are used. · Hence the ma~mum 
voltage should be applied throughout the system. This is achieved by 
magnitude scaling. 
4. The amplifiers in the circuit can become overloaded if the gain is too 
large. 
The advantage in determining the system response by analogue simulation is two-
fold; it offers an accurate and quick solution to the complete mathematical 
model of the system and can handle complex non-linear functions. 
4.2 mAGNITUOt 'stALtNG 
All the dependent variables, within the computer, are represented by voltages 
within a certain fixed range.A· magnitude scale factor is a constant of proport-
ionality relating the voltage on the computer to the value of the corresponding 
variable. This scale factor must be chosen so that the voltage representing 
the maximum possible value of the problem variable will be less than ~he 
maximum voltage of the computer. 
i.e. a IX\ ~10 x max 
where a is the magnitude· scale factor and Ix! is the modulus of the max 
maximum value of the variable. 
The scale factors chosen for all the variables are given in appendix 3.5 
The most satisfactory method of magnitude scaling, is to divide the system into 
a number of summing junctions. The block diagram, shown in figure 3.20, may 





For linear damping, the equilibrium equation may be written as: 
Magnitude scaling requires that each variable must be multiplied by the 





o,~ (O,l pset) + w - 0,08 (O,o9 PS) 
. I 
col • 
- ~ (2,83 x ) 2.83 
(0,008 X) = 1,75 (O,l P t) + 0,258 - 2,19 (0,08 P ) se s 
-2 • 
-0,492 x 10 c0l (2,83X) ••••••••••••••.•• 3.16 
Similarly, 'for.non-linear damping, the equation of equilibrium may be 
written as: 
mx = A. P t. + W - A • P se s 
• 2 
- C l (X) On 
Taking into account the fact that the multiplier divides the product of two 
values by 10 so that the maximum computer voltage is not exceeded: 
.. . . .(0,008 X) = ' 1,75 (0,1 P t) + 0,050 - 2,19 (0;00 P ) 
se . s 
~ . 
-2 
-1,74 x 10 CDnl ( 
• 2 
2,83 x ) ••••••••••••• 3.17 
2. Settling Chamber 
160 
m 
The equ~tion of equilibrium may be written as: 
magnitude scaling and simplifying for a nozz1e of Mach number equal to 2,0: 
• 
(0,008 P ) = s 
. 
10(0,0008 P1 ) - 0,52106 (0,08 P5 ) 
3. Storage Drum Pressure 
•••••••••. • t ••••• 3.18 
The addifion of this sub-system requires that the two variables bf drum pressure 





The equation of equilibrium for this summing uunction may be written as: 
magnitude scaling as before and simplifying gives: 
(0,0008 P1 ) = (283X) 1,55 - 0,298 (0,0008 P1 ) ............... 3.19 
v:i 
,where the initial storage drum pressure is taken. as 165 lbs per sq. inch 
absolute. 
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4.3 TIME SCALING 
The time scale factor relates time in the computer ·system to time in the actual 
system. 
The mechanical plotter is limited to a maximum ~peed of one cycle per second for 
the limit of its travel. Therefore, using the theoretical solution as a guide, 
the computer system must be slowed down. 
If computer time is represented as"L'and raa1 time as t: 
The time scale factor n = "t 
t 
The easiest way to time scale the computer system is to multiply the gains of /) 
all the integrators by a factor of 1/10. This corresponds to a time scale ·~ 
factor of 10. 
4.4 SYSTEM RESPONSE BY ANALOGUE SIMULATION 
Applying time and magnitude scaling to figure 3.20 and substitutiA~ in the wind-' 
tunnel parameters, gives the analogue computer circuit diagram in figure 3.23. 
The constant potentiometer settings are given in the figure. 
amplifiers are indicated at the terminal inputs. 
The gains at the 
The variable potentiometers may be adjusted to suit the foliowing requirements: 
1. The set control pressure: 
POl is set to 0,175. (0.1 Psst) 
2. Non·.:.1inear and linear damping: 
P02 is set to: 
-3 
1,74 x 10. Con[ fpr non-linear damping. 
-3 
0,492 x 10 col for linear damping. 
These figures must be less than one for any particular value of damping. 
Should they be greater, the gains of amplifiers Al or A2 are increased. 
3. Nozzle Mach number: 
P03 is adjustable for different Mach numbers. 
settings. 
Mach Number P03 setting 
2,0 0,522 
2, 35 0,384 
2,s 0,334 
3,0 o, 207 
The tabla below gives the 
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·INPUT Pset lbs.per sq.inch gauge 
+10volts----1 
















( 0-08 P5 ) lbs. per sq. inch gauge 
(-Q.QOS Ps ) · 10 
1 
1 





{ 283 x) 
( Q.QQ08 P1 } 
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Response Curves 
The ~redicted response of the settling chamber pressure, by analogue compute~, 
is discussed below. Figures 3,24 to 3,28 present examples of the settling 
chamber pressure response.curves for different set conditions. The valve 
response is also included in figures 3.24, 3.27 and 3.28. As only one 
plotter pen is available, the pressure and displacement curves are plotted by 
taking two consecutive 'runs'. 
? Figure;:: 24 gives the pressure and displacement response curves for a slightly 
underdamped non-linear ~ystem. The damping corresponds to a damping cylinder. 
bypass orifice number of between 4 and 5. The settling chamber pressure 
oscillates a small number of times before steadying at a short distance above the 
original set pressure. This difference is due to the valve weight. 
The relationship between linear and non-linear damping is illustrated in figures 
~t,25 and~J.26. With linear damping; the system always reaches the particular 
solution where the pressure fluctuation ceases (except where the oscillations 
increase or ret~n their original amplitude at low damping). With non-linear 
. damping the amplitude of oscillations decreases to a point where hunting occurs. 
~l·1unt.ing defines the state·whereby the response will oscillate within a limited 
\ ange without any change in amplitude. The amplitude of this hunting 
'scillation depends upon the degree of damping and may pecrease to zero if the 
damping is high enough. 
· If the damping is too high, a sluggish response of the valve will result. 
Figure 2~27 illustrates how the settling chamber pressure may be caused to 
deviate from the particular solution if excessive damping prevents the valve 
from opening quickly enough. At the other extreme, insufficient damping 
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5.1 VALVE TESTING PROCEDURE 
The apparatus us~d to test the valve performance, is shown in figure 3.29. 
o~' 









00 ... pressure transducer 
amplifier 
oscilloscope 
TESTING APPARATUS ARRANGEMENT 
Figure 3.29 
tfansducer 
The valve displacement and settling chamber pressure were recbrded by a storage 
oscilloscope. The automatic trigger was set to start these recordings on the 
negative· slope of the displacement curve. 
To test the valve performance under all possible conditions, the same procedure 
was applied as in the analogue simulation: 
1. The damping was varied for a fixed.set pressure.and oozzle. 
2. The set pressure was varied for a fixed damping and nozzle. 
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repeated. 
The oscilloscope traces were photographed so that a permanent record could be 
kept. Examples of these traces are given in figures 3.30, 3.31, and 3.32 for 
both a short and long time scale. In these cases the set pressure has been 
fixed and the damping varied for a Mach 2,0 nozzle. 
The response curves, in figure 3.31, appear to be essentially similar to the 
corresponding analogue ~ystem in figure 2.24. One basic difference in the 
pressure response curves, on the long time scale, is the unsteadiness in the 
real system. (This is most probably due to the unbalance forces on the valve 
seats). 
5.2 ANALYSIS OF VALVE CHARACTERISTICS 
The performance characteristics of the actual and simulated settling chamb:r 
pressure are summarised in figures 3.33 to 3.39. The thsoretically 'perf1ec 1 
analogue response characteristics are used as the basis of these graphs and 
the experimental solutions are superimposed upon them. The analogue 
solutions are necessary to predict the possible performance characteristics 
of the valve, whereas the experimental results either substantiate or contradict 
these predictions. 
Comparison between actual and predicted system response. 
The percentage overshoot of the settling chamber pressure is given in figures 
3. 33 and 3. 34. The point at which the percentage overshoot decreases to f ~-ft.,. 
zero (i.e. critical damping) is the same for both the actual and simulated!/~ 
systems. - this applies to both the Mach 2.0 and 3.0 nozzles. For lower 
damping, the percentage overshoot is much less than predicted and the values 
measured on the wind-tunnel are also somewhat random. 
figure 3.34 for increasing settling chamber pressure. 
This is confirmed in 
Although the percentage 
overshoot of the actual system is not .as great as that of the simulated system, 
it tends to approach the simulated solution as the pressure increases. 
These observations indicate that at both heavier damping and higher settling 
chamber pressures, the solutions approach the expected curves the deviations, 
at lower damping, could be due to the fact that the shut-down piston and the 
valve unbalance, due to flow through the valve, have been neglected in the theo-
' 
retical analysis. tL.,.-0 ~~~ ~ 
~the forceslthat tend to unbalance the valve would have some effect in 
controlling its acceleration and the subsequent pressure response curves. 
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































positive displacement of the valve, will tend to reduce the acceleration of the 
valve and hence its maximum velocity. This is confirmed in figures J.35 and 
~.36. The time for the settling chamber pr~ssure to reach the value of the 
s~t pressure (i.e. the particular solution) is longet than predicted by the 
analogue simulation. As the damping increases, the maximum velocity to which 
the valve must be accelerated, is reduced and the influence of the shut-down 
piston on the response curves is less (i.e. The damping forces predominate 
over the inertia forces). This is clearly illustrated in figure 3.35. 
The experimental results approach the theoretical curves at high damping. As 
is expected, the increased settling chamber pressure gives rise to an increased 
rise time. The same trend is followed in both the actual and simulated systems 
although the rise time in the actual system is longer due to the increase in 
the effective mass of the valve. 
Optimum valve performance 
The choice in the degree of damping of the system is very important to the 
I 
performance of the control system. 
are listed below: 
The two possible extremes of this damping 
1. Very heavy damping: 
The response of the valve may be so sluggish that it cannot retain a 
constant settling chamber pressure. 
may be very long. 
The period of transient response 
2. Very low damping: 
As shown in Chapter 3, part 4.4 on the analogue computer, hunting or 
·controlled instability occurs for the non-linear damping system where 
the co-efficient of damping is low. 
These extremes are illustrated in figure 3.37 for both the mach 2.0 and 3.0 nozzles. 
The system is considered to have reached steady state when the response 
pressure has settled down to within 95% of the set pressure. Although it was 
difficult to determine the delay time in practice, due to the adverse effect 
of the valve unbalance, this time could be estimated roughly: 
These experimental results have also been plotted on figure 3.37. The analogue 
solutions indicate where possible controlled instability starts for each nozzle 
· and the magnitude of these oscillations. 
In the case of the mach 2.0 no?~le, the delay time appears to follow the 
predicted curve quite well - although it is slightly shorter. Even though 
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not show this unstable tendency. For the mach 3,0 nozzle hunting occurred at 
the point at which it was expected. A further decrease in damping did not 
influence the amplitude of the oscillation to any extent. (the amplitude was 
about : 2 psi of the settling chamber pressure). 
A comparison may be made of the performance of the two nozzles in figure 3.38. 
For the same damping coefficient (equivalent to a bypass orifice number B), the 
mach 3,0 nozzle showed unstable characteristics whereas the mach 2,0 nozzle did 
not. This verifies the conclusion deduced from the predicted performance 
curves. 
The influence of increasing settling chamber pressure upon the delay time, for 
the mach 2,0 nozzle, is illustrated in figure 3,39 • For the higher control\\\\ 
valve diminishes and the experimentally obtained points approach the predicted\\ 
results. 
5.3 DISCUSSI~N OF VALVE CHARACTERISTICS 
The influence of the neglected properties on the control system performance 
may be investigated using the experimental results. In addition the values of 
the co-efficients used in the theoretical analysis may be checked against the 
actual values. 
Nozzle Flow Rate 
The theoretical run time curves, in figure 3.40 for mach 2~0 and 3.0 nozzles, 
have been derived from the same conditions given in Chapter 1, part 5.2. The. 
experimental results superimposed upoh these curves simply confirm the original 
assumptions in the derivation of run times (See Chapter 1). 
f.!E_w Rate through the Valve 
The mass flow rate through the valve is given by equation 1,45 as: 
m = K
1
• Pd. X 
Where K1 is the valve flow co-efficient necessary in the analogue simulation. 
The mass flow rate has been assumed dependent upon the valve opening and storage 
drum pressure. 
conditions. 
These two assumptions should be adjusted to suit the actual 
1. The mass flow rate·through the valve is dependent upon the air pressur~ 
immediately upstream of the valve; this is somewhat less than the drum 
pressure • 
.. 
2. The mass flow rate past the seats of the valve is deperident on the throat 
width, t, and not on the valve displacement. (See figure 3.41). 
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p1 
VALVE SEAT ARRANGEMENT 
Figure 3 · 41 
For a valve seat of 45°, the actual throat width tis given as: 
t = 0,707 x .......................................... 3.19 
By considering a co-efficient of discharge for the valve not equal to un~ty 
and the supply duct pressure loss, the correct valve flow co-efficient may be 
obtained. The supply duct pressure loss is·discussed in Chapter 1, part 1.2 
and is given as approximately 20 lbs per sq.inch. 
The mass flow rate through the valve is thus given by: 
M = K1c0 • 0,707 X (Pi - 20) ••••••••••••••••••••••• ;. ·• 3.20 
This equation, together with the experimental data, is presented in figure 
3.42. The difference in the slopes of the co-efficient curves for the two 
nozzles, indicates that the coefficeint of discharge through the valv~ is 
greater at the smaller valve openings. 
Valve Characteristics 
The performance of the valve and hence of the settling chamber pressure control 
system, is dependent upon the valve mass, its damping and the controlling 
forces. Deviations from the theoretical solution could occur as a result of 
errors in the assumed values of any one of xhese factors~ 
l. Mass: 
The mass of the shut-down piston increases the inerita of the valve. 
Figures 3.34 and 3.44 compare the theoretical and actual response 
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The additional mass of the shut-down piston, in the second case, reduces 
the overshoot and increases the rise time. For the overdamped system, the 
pressure response curves are very similar, indicating little influence of 
the additional mass. The difference in the displacement.curves is 
explained under 'flow rate through valve'. 
2. Damping: 
The damping co-efficients are a reasonable measure of the actual degree of 
damping as shown in part 1.5. 
3. Controlling fo~ces: 
The controlling force results from. a pressu~e difference across the valve 
diaphragm. Unfortunately, the equilibrium of the pressures across the diaph-
cl~r~~ragm is upset by the unbalance of the forces on the valve seats and the 
initial static friction of the shut-down piston. ------~ ~~ ~-. 
The resistance of the shut-down piston is relatively small in comparison 
with the controlling forces and it only affects the. system during the first 
downward displacement of the valve. 
The magnitude of the unbalance forces on the valve seats are relatively 
large and it varies during a blow-down (See gigures 3.30, ·3,31 and 3.32) 
Figure 3.45 shows the relationship of set pressure to actual pressure. 
The deviation from the linear curve is a measure of the unbalance of the 
valve and th·e range of the experimental results is due to the change 
of this unbalance during a run. 
Figure 3.46 shows the magnitude of the change in settling chamber pressure 
during a complete run period. The minimum degree of deviation for this 
pressure occurs at a non-linear damping coefficient of 200,000 lbs sec 2/ft 2• 
5.4 CONCLUSIONS 
The modifications to the valve control system have improved its performance and 
flesibility. The response characteristics of the settling chamber pressure are 
controllable and the desired stagnation pressure may be set by remote adjustment. 
The most suitable damping for this control system lies within the range of no~­
linear damping coefficients between 200,000 and l,OOO,OOO lbs sec 2/ft 2• This 
degree of damping is ~roduced·by bypass orifice numbers between 4 and 5. 
At this damping, the deviation of the settling chamber pressure during a complete 
run period, for a Mach 2.0 nozzle and set pressure of 40 psigi is about 2,5 psi. 
! 
The delay time, from flow initiation until the desired settling chamber 
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1.1 WIND-TUNNEL SPECIFICATIONS 
Test-Section Area, A1 = 8 sq. inches. 
Wind-Tunnel Width, w = 2 inches. 
Storage Drum volume, Vd = 165 cubic feet. 
Initial· Storage drum pressure, Pd. = 150 lb/in2 
1 . . . . 0 
Initial Storage drum temperature, Tdi = 545 R 
gauge 
Final Storage drum temperature, Tdf = 520°R 
Supply duct loss at termination of flow, Pt = 
Gas constant, R = 53,3 ft !bf/lb 
0
R 
Gravitational acceleration, ·gc = 32.2 ft/sec 2 
25 lbs/in2 




1.2 THE THEORY OF CHARACTERISTICS 
Small disturbances in a two-dimensional, supersonic flow are propagated in the 
form of pres~ure waves along Mach lines, These lines are of constant p~rturbation 
potential, and the vector change in the velocities produced by the pressure wave 
must have a direction normal to the Mach wave direction. 
The lines may either be left-running or right-running, belonging to families 
II and I respectively. 
@ Physical plane ·@ Velocity diagram 
Figure 1. 7 
These considerations are illustrated in figure 1.7, the Maeh wave in this case 
being left-running. 
From figure l.7(a), the initial effect of the corner is propagated along the 
left-running Mach line (!Ia), having an angleo<. 1 to the initial flow. 
Tentatively, the velocity v2 can be obtained knowing the corner angle.b. 
But the left-running Mach wave (IIa) 2 has an angle<X 2 
when related to the down~ 
stream flow. The accuracy of the first approximation can be improved by simply 
taking the Mach line !Ia at the mean Mach angle O<. to the mean flow direction. 
In this way, after several itterations, a better value of the stream prope~ties 
in region 2 can be found. In real flow, the fluid velocity dire~tioh changes 
gradually within the Mach fan - an approximation can be achieved by i~troducing 
a number of finite steps. 
This is illustrated in figure 1.8, by assuming the corner to be a gradua~ 
.curve. The curved wall, as an approximation, shall be replaced by a series of 
straight sections. .From each corner a Mach wave is propagated so that it 
changes the flow direction to that of the wall. As described above, the Mach 
lines, II, are found from the mean flow conditions between regions. With 
stepwise increments, the complete flow field can be described. Flow, illhere.only 
~~essuf~0waoescofnonetf~miI~oap~§·r, is known as flow with waves of one family, 
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@ P hysicat plane 
@ Velocity diagram 
Figure 1·8 
Figure l.B(b) denotes the velocity vectors in fields 1, 2, 3, 4 and 5. The 
respective image points on the velocity diagram are 1 1 , 2 1 , etc. It is seen 
here that the velocity vector, and the stream direction (8.) are polar co-ordinates 
in the velocity or hodograph plane. As the velocity can be plotted at any point 
in the hodograph plane, then a single line in · the hodograph is a representation 
of the complete streamline. 
i.e. The hodograph streamline 1 1 , 2 1 , 3 1 , 4 1 , 5 1 is the representation of the 
physical streamline AA. 
Hodograph Characteri~ 
A plot of the complete field of hodograph streamlines, for both left and right-
running waves, enables us to obtain an exact solution to a complicated flow 
pattern. 
Left Running Wave: 
Imagine a Mach wave of family II turns the flow through a positive angle d 
and with corresponding changes in stream properties. 
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@) Physical plane @ Velocity diagram 
Figure 1.9 
du and dr are the cartesian increments in the velocity as the flow is changed . 
by the IYlach line of constant perturbation potential. 
limit, the algebraic increment in velocity dv (3). 
Note that du is in the 
From figure l.9(b), we get: 
dv = vd 8 ; du = dv 
• • .du/dv = tanc!. = l/}m2 - 1 
1 
or v 
But from (3): 
dr · 




Therefore, substituting into equation 1.5: 
• • d8 = 
J 1'112 - 1 dl'l12 




Integration of this equation gives the change in flow direction in terms of 
IYlach number. 
~. }~: i (M2 ) J 2 = - J1T:::-i arc tan 111 - 1 + arc tan IYI - 1 
+ constant ................. 1. 7 
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1.3 HDDDGRAPH FLOW DIAGRAM 
Input: ~ = 1,4 
M*= ~ ~
Set (I) = 1 
M*(I) = 1 
I 
! 
(.J (I) = {i5:-i AT AN 1-M*__,(.._I.._) 
2
--- 1-----
{c5:1 (25+ l/'25 - 1) - M*(I) 2 
- ATAN Jm*(I)2 - 1 / JI 




M*(I)<M* >----1 Set M*(I)= M:l\"(I) + 0,1 
yes , i------------~~-
No 
Set I = 565 
Set (I) = l 
II = I -l,J(I) 
8 = I + II - 1 DOD 
X = !Yl*(I) cos 8 
Y = M*(I) sin 8 
Output: Plot X, Y 
( I)= (I+ 1) 
Is e· > - 65 ')-----:-~--! (I ) = (I + l) i------No 
Yes 




Set II = 435 
Set (I) = 1 
I = II + (I) 
e = I + II - 1 ODO 
x = IYl*(I) cos8 
y = IYl*(I) sin8 
Output: Plot x1 v 
(I) = (I + 1) no 
yes 
Is II .> 5325 no 
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C INSTRUCTIONS FOR GR~PH AXES 
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CALL FGRIOC0,1.0,0.,0.1,10> 
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THET/\=45.0 r ,,-3 l ~ XI\ X = C 0 S ( THE {A I ,5 7 • 3 ) -= ·=--_:- -- .:--.::: :· -::-.- --:.:;::::: . .:--~ -~-_ --=-~: _- .__.,. :.--~ ::::: ~ --·- ~ -_- :- -
YAX=SINCTHETA/57.3) . 
CALL r:PLOT(O,XJ\X,Y1\X)~ :-~~~~-:_~:---:;-~;-=c..:-~=~7 ._.,:""_~t~~---: _.=_,__-~- . .:.-="~ .;-· 
IFCTHETA+45.0)300,300,310 
: -· · 310 THET A=TH ET /\-1. 0 · -,:~-.,~-~"-·'·~--~,.=.:-=:-=""-=-c~=-= __ =_= __ -=-=:=. _=_::. ::: . ::-~-::- -=~~.:..-~"':-~~-- . 
GO TO 315 
300 -CALL - FPL OT< O~o:-~ 6-.7> "--- · -~:~~--:-- -::0: ~:·-~-;:~::~":-:--~:-.:f:--':-_-,~-=---- - ~-"----. 




/\B=SQRT (A/\ l 
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A E = i • a- < 1 M ( 1 > ~- * 2 • 0 > / A-A-,~~:,=--~ ::-=-:::.~~~: --:~:s=::-: :=:-~-:-=- ==--=-=s=:~~,:o_::-"""~ --
AF= s a RT (Ac / Ao i 
AG=SQRT(ACiAEl- -=-=·=c.o=--:- __ .:.:.:.:.:=- - < - --
OA=AB*57.3•~T~N(AF} ._ • o-.-·c., n -- r- 7 • 3 W. AT;\ N (-,A-:·~ ) ________________________________ : ______ -




RC= ( 2. O * (t•({ ff*-.i 2 ~-dT"flff<.+ =r~. O-}?--,-~~;:::::=i.~-:. .. -· .. -.=:=-=:..,..:::~;:.:--;:_~~-~-- _ '~·=::::"·=:--~-"---- -
MAL(ll=SQRT(BC/AE) 
IF ( M ( I ·1-2·~ u··)· 1·00; i-l~O.;'l-16·· ~=--.::-·~:2--7-~=~~--~~~~-~;:-__ .._ :::~ --:7.=-=~~1:-=--;-:~~.:---::--~:;--- -
100 l=I+l 
'.'-'_-,.: M ( I ) = M ( I ......:"1T+ 0 ~or~~t=-=:--::-::::~:=;'f;_~..;. =~::0-~_-=::?=:~,-=-z~--= ~~¥-=---:-c .. -~=-:=':;:f~.::,-.,:-,-,---=-~=---==:::~ -
GO TO 120 
'11 Q L = J -:c· .,..,=·.,.,;;;:; ·-:-;:;~- ;:-..:;:_ .. ·-,·::,:-___,.=_~_:--=- _-.;;:- :~,;:=-""?~·--:-;:--".:-:. ~·"-·c~~-:;c-::~--~:_-_:::_~~-:.:..~::--':=.:='°~ • 
PLOTTING OF CURVES 
--::~7-c r =s 1 a.; o-:::.~--=::::::·==- ~--:""=,----:=·,'" --- = --~ ... ... -.. . -.- ,-
L_, L IM=0.3 
;· "32 o·- CALL F PCOT (l-~-=-o-:;:~-=-o"'~r -------=0 -;.:_ -:----;-~ .,.------=-- "'"'"-~-·-=-c=:··-_-, --- --- . --
. J=(-2) 
~---;::---:."-DO·· 4 =r=i- 1 L::. ~ 0'~ :;=-...::.::-·o.:-:?..::·::.._~;.. .. ;;-J:_:,._-:o:~=.-~-::-=::::,.=---..:-=-~--"----~-: -:_-=.;_:-~7 .. -·~---- -~ ===-: 
------------------------------·-- ·------ -----=-~- - .• - ~ - ... ~~::::: --~---=--=-.. ""::::-.::::--:-:::,:-:--:;=-;:-¥--:-~-::.-===-~-~-·---:~=-=....-: .. ::-~. -- --.... __ ,:_ _ - ... . ... . .• 
PAGE 2 RORY COX 
CII=CI-H(l) 
:·-:..~30~-=- THET A=c"I +CI (- t"o 0 ().- o:--=-"'"-=:-:=..:..: __ ~-:..,_.:-- --::_?_ -::::-~· -~-=-=-=c-~-=-:- -=-~=-:,.___ ...=--:~-:--:-::-~ 
X=M(ll*COS(THETA/57.3) 
-..:.~-Y=M ( I ) *SI :\I (THETA/ 5-7: 3 )- -::-~~-==-;7~-:?'~~o:;..:.:~_:~-~~------=--=-,:.:-:·':7.-=·--=. ~-=- ----
CALL FPLOT(J,X,Y) 
-- -. - '""-J = 0 ' :-:..-.:-...=::-.-. -----,::-<:--,;.-::;;. ·-.- :;-=~~-:;:--"--=-~ .... ---==----=;;:._=~=,7-- °'" :-_---.,---: :---::--.-~--·-· 
-IF(Y+LIM)325,325,4 
--
~::::-::::-· 4-,·-caNT I NUE -- -- • ·'"'-.:.--:::;:;:.:;-::-:·:.:..~-::~==:::=-:~:~-=- _--·: .. <~::;:._::.---=~--:-:::.:. -:"'-;..~ ·-""'-,-~,--,~=-~.:::o'·:::--__ 
325 CALL FCHAR((X+O.Ol),Y,o.10,o.1a,01 
-"-'WRIT ( ( 7, 500 )'CI"'"'-~-~-=--:.;~:-~." ~~:~ ·.:c:.::::.:..~-:::§_:-§_:=-~:::=.:-=;:~_;_:..•~~=-=:o~=f--=:-- -c =~ <~::=-;.~---c~-
500 FORMATCF4.0,'I') 
..:. IF ( c I - 5 00. 0) 33()~::3-_fo"·;·.3~-0-=:=·=-:.::;..-=-.=-..--..:..=- .. .;-=·.-;·:::;·:-:-:-.. ~"-~~ - ·='-:::-.: .. ~~- -:--. -~c:;-..-'- ·_:== 
340 CI=CI-1.0 
~ -- 0~'"-'L IM= LI M+O .--04 ~~--~~=;;-;:::-:~--=:....~=~-~-~-----=·--=;,,:-:-;;;;_-=:--.__-.,,-::..--:::=;_.::.- -~::::.:?i..::..:-::=_:-~:,--}-·'."'"' ""-
GO TO 320 
~-:33-0~C1 I·= 4 B 2. 0 ~- ~-=-~--~~:~~-:----:. ---~-:~-.-:.~=-~~;.~07-:-0=-- ;:.::=·-~=:~~7~::;::::--·~::.=--~-:--v-·-~-~:-~ _: ,. 
.. t,___ _ _ LIM= 0. 3 
: . . 3 5 b : c A L L F p L a T ( l ' a· • ~ a··. )-=-:_-=-::~.~ :3:-7"-".=:E:'-?r-· . ..:,..-=.==:=.--:-;.~;:.--s---::;:_::~===--::--.,-:. ~ 2-::.-0..___· ~ 
J = ( - 2 ) --- ·- ----------
~~~=--= 0 0 ? I = l , L ·' ,.. ·-- -:::.. ., :- -:-_::-:-:~~-::-:;...=--::==.-:-:-.:§,.-:::~..,.... .:. .... :-..-::-:::::::::::=:: .... -~-:=.:0"°£..:.~-?==-~ ~-~ :.:='-~ ::-~ :~-...:-~ 
CI =CI I +H (I) __ .. ____ . ____ --------------------- _ .. _____ _ 
~~~~""'·,..,.. THET A=C I +Cl I ...:.100·0 .-o·=::-:--:c ;;_..:~--::::=_---_-:.-~'::='.=··-::-.. ~ -=. ~~=-~-;__~---~;;;;;.,==-:-- -;...; 
X=M (I )_*COS ( THET /\/__5_7 ._3 )_ . _____ .. -·- ...... 








3 RORY COX 
GO TO 750 
200 
. . ,. ~ 
fi:;;_--:-7 40-; CALL F CH{\ R (F~'F'l6"':i-37'CY::-5:;':cJ":.·s;oy~~::.Z"'-:::.;:.::-;-o::77._:'2~:~;;:::, ~';¥0~~=-:o::-f~~:":"':: 
HRITE(7,760) 
f-'3 J7£:;0· FORMAT ( ' I I ,- ---.. --:::~?.-::==:--:·~,7.-:.y;7·::-:=.::7 .;:::o:;:;:;';.~:.::=~~""-l=,_::?.7 =-.,,::.:-§:'~~=-;= -:·.--:-=·-:-·,-,,, 
CALL FCHAR(l.1,-0.3,o.s,o.5,0) 
~~ ·:"'·-~ 0-;: HR IT E { 7 , 7 7 0) ~:-:-:-=::--:---:~~: ';;-::~?_:=~~"' :_;:.::·:_·::~:::.:~~: :.:~·§·.·_-~--~~~=":"'.:"~=0:7I~. ·'=:-~~=-~"' 
770 FORMAT{ 1 II') 
:.::.-~-.., .- -: CALL FC HAR"< O :·9·,~i:';-=-o-;-o-;:-2:5';;0-;'2~5:~~?) ~¥0==~£-=::-:-~;-~'.:;;:~~.,:-~~-"'°"-:-:.:-: · .. ..,-
Y.!R ITE ( 7, 780) 
- ~=:-1 uo·'"'FOiH1A r < • HOOOGffAPH"·~cuRvF. s= ..~:-:1?rt=1CA'8C_E"=To='Noz z tE=" o·E s IGN-, r==.---:: 
CALL FCH~R(U.1,-1.1,o.1s,o.1s,o> 
;:-:.·=-=-:==--~-WRITE ( 7 ,·7 8 5 )-0~-.::....,-_,,,:.:;:of:-~~;:--;::-=.:f~:--~:.,-;·--~7..i~-,-;: ·::::. --i :_, .;-~:--:=~:.::;."""=:--:-~· , .... "- ~- ·. 
785 FORMAT('AXES IN TERMS OF THETA AND MACH NUMBER~') 
~===--=7 :_..,.,.. ,C A LL . .( E X I ·r :::;-:=:-.-.c -::-- . --_·-: ___ -~"=~-:~.-.:..._-_: ?-=.._-:-. ~--~·-.-.--· -:-"= -~=-""'-~· ___ -_.:·.·:=::-. -~ • o· . .,,,.._' " - -- - - c-;:-:-·:_:-,';;..~;.;- ----~ 
END ------.. -· --
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1.4 . NOZZLE DESIGN LimITS 
For the following discussion, assum3 that the first· mach line js reflected 
twice. If the expansion section curvature is finite, 'then an infinite number 
of reflections would occur between points 6 and 7 in figure 1.12. Hence to 
meet the stipulation that only two backward reflections occur, points 7 and 
5 must coincide at a corner. 
Rewriting equations 1.9 and 1.10: 
8
1 
= -W(IYI*) + 2! - 1 000 
en = +w(m*) +2II - 1 ooo 
From figure l.12(b); 
Substituting into the above equations: 
These may be simplified to: 
= 2W - 2W 3 5 
= (2W - 2W) + 3 4 (2CJ -4 2Ll5) 
= 2 \83\ + 2\e 5\ 
Furthermore, W5 = o 
••• W1 = 2\8 3\ + 2\e 5\ 
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ISsl 
1 - W1/2 = ............................ l.ll 
Also, from the geometry of the nozzle: 
But from l. ll: 
And \Ss\ must be greater than zero: 
Hence, these two equations give: 
or ......... ·~· ................. . 1.12 
Substitute into equation 1.11: 
................................... 1.13 
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1.5 TABLES FOR SEMI-GRAPHICAL NOZZLE DESIGN 
TABLE 1.1 for figure l.19(b) 
Field I II w e cA_ 8 + O(_ e - ()(. 
1 500 500 Ou Do 90,00 90,00 -90,00 
2 501 500 lo lo 69,57 68,57 -66,57 
3 502 500 20 20 62,00 64,00 ' -60,00 
4 503 500 30 30 58,18 61,18 -55,18 
5 504 500 40 40 55, 20 59, 20 -51,20 
6 505 500 50 50 52, 74 57,74 -47 '74 
7 501 499 20 Do 62,00 62,00 -62,00 
8 502 499 30 lo 58,18 59, 18 -57,18 
9 503 499 40 20 55,20 57' 20 -53, 20 
10 504 499 50 30 52, 74 55,74 -49,74 
505 499 60 
' 0 
50,62 54,62 -46,62 11 4 
12 502 498 40 00 55, 20 55,20 -55,20 
13 503 498 .so lo 52, 74 53, 74 -51,74 
14 504 498 60 2 
o· 
50,62 52,62 -48,62 
15 505 498 70 30 48,75 51,75 -45,75 
16 503 497 60 00 50,62 50,62 -50,62 
17 504 497 70 lo 48,75 49,75 -47,75 
80 O· 47,08 49,08- -45,08 18 505 497 2 
19 504 496 80 00 47,08 47,08 -44,08 
. 20 505 496 90 lo 45,57 46,57 -44,57 
21 505 495 100 Do 44,18 44,18" -44,18 
22 506 500 60 60 50,62 56,62 -44,62 
23 506 499 70 50 48,75 53, 75 -43,75 
25 506 498 80 40 47,08 51,08 -43,08 
28 506 497 '. 90 30 
32 506 496 100 20 44,18 46,18 -42,18· 
37 506 495 110 lo 42,89. 43,89 -41,89 
43 506 494 12° Do 41,70 41,70 -41,70 














TABLE 1,2 for figure l,19(a) 
Right-running Mach wave Left-runnin~ Mach wave 
Ulave 
Upstream Downstream mean Upstream Downstream mean 
(9 +ot.) (e+~) (9 +d.) (8-cx) (8-0l) (8 -ex) 
1-2 -90,00 -66,57 -78,29 
2-3 -66,57 -60,00 -63,29 
. 3-4 -60,00 -55,18 -57,59 
4-5 -55,18 -51,20 -53,19 
5-6 -51, 20 -47 '7 4 -49, 47 
I ' 6-22 -47' 74 -44,62 -46,18 i 
7-8 -62,00 -57,18 -59,59 I 
8-9 -57,18 -53, 20 -55,19 
; 
9-10 -53, 20 -49,74 -51,47 
10-H -49,74 -46-62 -48,18 
I 
11-23 -46,62 -43,75 -45,19 i 
12-13 -55., 20 -51,74 -53, 47 
13-14 -51,74 -48,62 -50,18 
I 
! 
14-15 .-48,62 .:.45_. 95 -47,19 i 
15-25 :-45,75 -43, 08 -44,42 ' I
16-17 .. -50,62 -47 '75 -49,19 I 
I 
17-18 -47,75 -45,08 -46,42 
18-28 - -45,08 -42,57 -43,82 I 19-20 -44,08 -44,57 -44,32 I 
20-32 -44,57 -42,18 -43, 37 I 
21-37 -44,18 -~1.89 -43,04 
62,00 65, 29 
I 
2-7 68,57 I I 
j 
3-8 64,00 59,18 61,59 I 
I 
' 8-12 59,00 55, 20 \ 57,19 
! .. 4-9 61,18 57' 20 59,19 I 
9-13 57' 20 53, 74 55,47 I 
13-16 53, 74 !50' 62 52,18 l I 
I 
5-10 59,20 55,74 57 ,47 
I 
10-14 55, 74 52,62 54,18 ' 
; 
14-17 52,62 49,75 51,19 I 
17-19 49,75 47,08 48,42 I I 
6-11 57,74 54,62 56,18 I 
I 
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1.7 FOELSCH'S mETHOD OF NOZZLE DESIGN 
Refer to figure 1.22, where radial source flow exists. 
Consider two-dimensional flow of unit width. Therefore where r > r* 
(supersonic region), the streamlines are straight, diverging from the apparent 
origin O. From this source the uniform mass flow, per radian of angle, can 
be assumed constant. 
i.e. rpg = constant 
The one dimensional mach number - area relationship can be used to define the 
mach number m at points a distance r from the source o • 
rdB 1 l 't-1 2 . ~-l:_l/2(6'-l) A(m) ( + 2m) ? r l. i.9 . . = r*d6 = = . ......... m fil r* ! 
2 
From continuity, the mass flow rate from the apparent source (or more 
accurately from the nozzle throat) is equal to the mass flow rate through the 
nozzle. 
= .............................................. 
The co-ordinates on charateristic Ci , (X 1 , y 1 ) 
1 
are given. by: 
1 x = r cos e 1 . e y = r sin ................................... 
Also the mach characteristic, QP, is of constant perturbation potential. 
Hence the flow parameters are also constant along this line. 
i.e. m - m = mp; - Q 
q - q = qp - Q 
e - e - e - Q - p 








Where I defines6 as being constant on Mach waves of family I • 
. ·. 8 
1 
+ U = constant . . . . . . • . . . . . • . . . . . . . . . • . . . . . . ..... • . . . . . . . 1. 22 
(The hodograph streamline I, is constant for left-running wa~es) 
Since 8 = 0 
e 
(parallel flow) and{Je =W
1
, then: 
8 = (.Jl - w ........................................ ~ . . . . . . . . . . 1 • 2 3 
The angle that the c+ characteristic makes with the nozzle axis, is given as 
6 + O<. for left-running waves. 
Therefore the slope of this wave is given as: * = tan (8~) 
Hence, the norizontal and vertical distances respectively from points x1 and 
v1 to the nozzle contour is given by: 
X - x1 = QP 
1 
y - y = QP 
cos (8+ <i) 
sin (8+ 0<:) 
...................................... 1. 24 
...................................... 1. 25 
The mass flow rate across IQ is given by rpq (8. - 8). 
. l. 
But, from continuity, 
this same mass flow rate must cross PQ. This is given by: 
QP p q sin o<.. 
(See figure 1,23) 
Figure l ·23 
• • QP sin cJ... = r (8 . - e ) .................................. . l. . 
from equations 1.19, 1.20 and 1.26, .we obtain: 
y*A(m) 8 8 
QP = ( i!- ) 





Finally, the Mach direction ~ is given by:. 
sin ex = 1 m from (3) 
The final parametric equations defining the nozzle contour between X. ~ X..:::;; X , · 
1 e 
are produced as follows. 
From equation 1,24: 
x = QP cos (e+°d:) + x1 





: ) cos ( 8 + 0<:.) + r cos 8 
1 
=---sin oz 





Substituting for r in the above equation: 
y* A(m) ( 8i -8) ( 8 + ~) ••• x= cos + 
sin CY- s. 1 
Here cos (8+~) = cos e cos ; - sine sin~ 
And; 
. 1 
sin ot = -m 
cos o<. ,,; )m2 ~ 1 







• - e ) Jm 2 - i 
ei 
] y*A (m) 
cos e - sine) + e. 
1 
case 
Rearranging this equation gives the X co-ordinate of the nozzle cancelling 
profile: 
~* = As(:) I case + ~ J,m2 - 1 case - sin8 )(ei - e iJ}······; 1. 2B(a) 
Similarly, the corresponding y co-ordinate is given as: 
'L BJml·f. e = 8 . ( sin + y* 1 . ~ fm
2 
- 1 sin 8 + case )(si - s )JJ .... l.2B(b) 
Where 6 = 4 - CJ 
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1.8 SUBSONIC INLET DESIGN 
The acceleration of the air is chosen to follow a full cosine curve. the 
maximum defined by a constant C. 
i.e. 
dv 




(See figure 1.26) 
c 
FIGURE 1 ·26 
The acceleration at any point is: 
dv C 
Acc. = dt = 2 x c cos 2 TT - + -l 2 
c 
(1 - 2TT l = 2 cos l 
ov dv dX dv v but ot = dX . cit = dX . 
dv c 
(1 - 2rrl ) v - = - cos dX 2 [ 
c or vdv - - ( 1 - 2 
x 
cos 2TT T ) dX 
Integrate this equation between the boundary 1, and any point within the 
section: 
• •• ) v vdv = 
vl 
c x 
2 ( 1 - cos 2 IT T ) dX 
For x1 = O, 
For X1 = O, 
. . % {x l . 2 - 2Tf sin 
210 
x} . T ...........•..... ~ ...... . 1.32 
To find the valve of the constant C, it is necessary to apply boundary conditions 
to equation 1.32. 
i.e. x = 1 
X2 = 
~ {vl 




o; v = vl 
l ; v = v2 
v12] 
c 
{ (0) . ( 0) 5 = - -2 2n 
- v12J % ~l 
l 
sin prJ = 2TT 
From the continuity equation: 




1.9 PROGRAmmE FOR NOZZLE PROFILE 
INSTRUCTION PROGRAM 
NOZZLE PROFILE FOR UNIFORM FLOW AT THE REQUIRED 
MACH NUMBER 
SETTING GRAPH AXES,SCALES AND REQUIRED CONSTANTS 
REAL LI,LT,LE,LS,LL,INF 
































GO TO 30 
24 l=-1.0 
N=-1.40 










GO TO 350 
370 L=0.25 
N=0.20 






GO TO 460 
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395 CALL FCHARC-2.o,-2.o,o.2s,o.2s,O) 
\-JRITE(7,20) 









100 FORMATllH ,• TEST SECTION MACH NUMBER 1S',F5.2: 


























610 FORMAT(lH0, 1 CANCELLATION SECTION') 
WRITE(S,101) 
101 FORMAT(lHO,'X COORD. FLOW GAP Y COORD. 
C VJ I ) 
M A 
C AREA RATIO 
AGE 3 



















BG= SQRT( 80) 
8H=BE*57.3*ATAN(8F) 
BI=57.3*ATAN(BG) 





























GO TO 2 
EXPANSION SECTION 
C INFLECTION POINT LI 
10 LI=X 
THROAT POINT LT 









7't0 GO TO 3 
7 7 .5 \·JR I r E ( 5 , 6 2 0 ) 
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620 FORMAT(lHO,'EXPANSION SECTION'} 
WRITE(5,202l 



















GO TO 3 
SUBSONIC INLET 
12 IFCK-2)810,810,780 
780 GO TO 790 
810 WRITE(5,630} 
























GO TO 9 
15 lF(K-2)860,860,870 
860 K=4 
GO TO 800 
C GRAPH AXES ANO SCALES 
c 
870 CALL FCHAR(X,RU,0.10,0.10,0) 
WRITE(7,510) 
510 FORMAT(' SUBSONIC INLET'}. 
CALL FCHAR(LT,RU,0.10,0.10 1 0) 
~JRITEC7,520) 
520 FORMAT( 1 EXPANSION SECTION') 
CALL FCHAR{LI,RU,0.10,0.10,0) 
WRITEt7,530) 
530 FORMAT(' CANCELLATION SECTION') 
CALL FCHAR(LE,RU,0.10 1 0.10,0) 
WRITE(7,5"+0) 





550 FORMATC'INFLECTION ANGLE IS 1 ,F6.2, 1 DEGREES, THROAT GAP IS',f6.3~ 
C' INCHES') 
.HRITE(5,200)U,HT,LT,LI,LE 
200 FORMAT(lHO,'INFLECTION ANGLE 1 ,F6 .3,' RADIANS 1 ,//,1H ,•tHROAT HE,G 
CHT',F6.3,' INCHES 1 ,//,lH ,•THROAT LENGTH',F6.3,• INCHES',//,lH 1 il 
CNFLECTION LENGTH',F7.3,' INCHES',//,lH ,'EXIT LENGTH',F7.3,' INCH~ 








560 FORMATC 1 SCALE*'l 
CALL FCHAR(l7.o,-2.s,o.10,o.10,o) 
WRITE(7,570) 
570 FORMAT('HORIZONTAL AXIS*HALF FULL SIZE*INCHES') 
CALL FCHAR(l7.o,-2.1s,o.10,o.10,o> 
WRITEC7,580) 





TEST SECTION MACH NUMBER IS 2.35 
l.ANCELLATION SECTION 
t COORD. FLOW GAP Y COORO. 
17.120 1.999 o.562 
16.817 1.999 o.563 
16.520 1.997 0.564 
16. 228 . 1.994 0.568 
15.941 1.990 0.572 
~(PANSION SECTION 
X COORD. FLOW GAP Y COORO. 
9.271 1.452 1.109 
9.021 1.413 1.148 
8.771 1.374 1.187 
8.521 1.335 1.226 
8.271 l.297 1.264 
SJBSONIC INLET 
X COORD. FLOW GAP Y COORO. 
3.705 0.871 1.691 
3.455 0.871 1.691 
3.205 0.871 1.691 
2.955 0.871 l.690 
2.705 o.a12 1.690 
INFLECTION ANGLE 0.155 RADIANS 
f·-tROAT HEIGHT 0.871· INCHES 
THROAT LENGTH 3.705 INCHES 
fNFLECTION LENGTH 9.271 INCHES 


















1.10 PROGRAmmE FOR BOUNDARY LAYER CORRECTION 
INSTRUCTION PROGRAM 
BOUNDARY LAYER CONSIDERATIONS ON NOZZLE PROFILE 
MACH NUMBER = 2.35 
REAL LE,LT,M,K,LEN,MAC,L,N,MOC 
DIM[NSION X(200),Y<200),XCR(200) 1 YCR(200) 
c 




























N=N+ L. 0 
GO TO 30 
20 L=3.'J 
N=3.4 
50 CALL FCHAR(-0.75,N,0.10,0.10,0) 
\~ R I T E ( 7 , 3 ~i l l 
35 FORMAT(F5.2) 
1FCL+3.50)4~145 1 40 
40 L=L-0.5 
N=N-0.5 
GO TO 50 
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45 CALL FCHAR(5.o,-10.o,o.2s,o.2s,0J 
\.-JRifEC7,55l 
55 FORMJ\T('SUPER::;ONIC NOZZLE PROFILE FOR MACH NUMBER OF 2.35 1 ; 
C AL l f CH A 1U .5. 0 , -1 0. 5 t 0. 2 0 , 0. 2 0, 0 ) 
WR.ITE(7,60l 
60 FORMAT('WITH AOUNOARY LAYER CONSIDERATIONS') 
CJ\Ll FCHAR(25.o,-11.o,o.20,o.20,oi 
WRITE(7,65) 
65 FDRMATC'SCALE FULL SIZE, INCHES'> 





REN=( COEN*V*LEN)/(VIS*G) l 
WRITE(5,100) 
100 FORMAT{lH0, 1 NOZZLE HLOCK COORDINATES FOR A MACH ~UMBER Of 2y~~'v, 
C,lH ,• WTTH ROUNbARY ALLOWANCE$') 
WRITE(5,llOlDEN,v,vis,LEN,REN 
110 FORMAT(lHO,•TEST SECTION OENSITY',Ell.4, 1 LBS/CU FT 1 1 //\,!_1-; 
CELOCITY IN TEST SECTION 1 ,F7.1,• FT/SEC',// 1 1H 1 'VISCOSIT~ :~ 
CIR IN TEST SECTION •,Ell.4,' SLUGS/FT SE~•,//tlH , 1 LENGT~1 : .. :~ 
COAT TO TEST SECTION IS' ,F7.3,' FT' ;11, lHO, 'REYNOLDS ~JU:'it)b< 
CTEST SECTION IS 1 ,El3.6) 
CORRECTION OF THE Y COORDINATES OF 
1 
WRITE(S,115) ; 
115 FORMAT{lH0, 1 COORD NUMBER X COORO. 
C MACH NUMBER AT POINT X'l 
J=(-2) 
READ C 8, 2 00) ( X ( I), Y (I), I=l, 137) 
200 FORMAT(3Fl0.3,3Fl0.3) 
002 I=l,137 






DO 3 I= 1, 13 7 
CALL FPLOT(J,XCR(ll,-YCill 
J=O 
3 COl\J TIPJUE 
CALL FPLOT(l,o.oo,1~0625) 
CALL FPLOT(Z,43.0,3.0625) 
DO 4 I=l,1"37 
.IFCX4RCil-15.0)320,320,330 
330~F{43.0-XCRCill300;310,310 
300 GO TO 4 
310 MAC=l.O 







THE NOZZLE PROFILE 
BL THICK. CORRECTED Y 
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CALL FPLOT(J,XC~(l),YCRC!)) . 








DO S i=l,137 
IF(XCRCI)-15.0)340,340,350 
340 GO TO 5 
350 IF(43.0-XCR{J))360,370,370 
360 GO TO 5 







70 FORMATC 1 UPPER NOZZLE BLOCK•) 
CALL FCHARC12.o,-2.o,o.1,o.1,01 
viRITE(7,75) 
75 FORMAT('LOWER NOZZLE BLOCK') 
CALL FCHAIU 14.4, l.0,0.1,0. J.,O) , 
WRITEC7,80) 
80 FORMAT('NOLZLE THROAT•) 
CALL FGRID{l,(15.Q+(LEN*l2.0)J,-0.5,l.O,l) 
CALL FCHAR( (l6.0+CLEN~12.0JJ,o~s,o.1,o.1,ol 
WRITEC7,85) 
85 FO:<MAT('SUPERSONIC TEST SECTION•} 
CALL FCHAR(35.o,-11.o,o.1,o.1,o> 
vJRITE C 7, 90 l REN 




95 FOR.MAT(' MATERIAL REQUIREMENTS-I NOZZLE BLOCKS 4'3.0 X 2.0 X' ,F('J .. 3,; 
C INCHES' l 
PAGE 
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NUZZLE BLOCK COORDINATES FOR A MACH NUMBER OF 2.35 
WITH BOUNDARY ALLOWANCES 
I TEST SECTION DENSITY 0.3086E-Ol LBS/CU FT 
: AIR VELOCITY IN TEST SECTION 1853.7 FT/SEC 
' 
; VISCOSITY OF THE AI~ IN tEST SECTION 0.2111E-06 SLUGS/FT SEC j • 
'.LENGTH FROM THROAT TO TEST SECTION IS 1.117 FT 


















































































1.11 PROGRAMMES FOR NOZZLE CALIBRATION 
INSTRUCTION PROGRAM FOR EQU. 1.·42 





20~ FOR~AT<lHlr'WALL STATIC ?~ESSURE MEASUREMENTS'} 
~RIT£(5,21Ll . 
2 1 0 F 0 R r.i' AT ( 1 Hu ' t s T A G • p R Es s u R E {.) I s p LA c E ME NT s . MA c H rm·~ BE F<' t I I ' 1 ~ ' 
c• LBS/SD.I~ HO~.x ~ER.Y') 
U 0 1 J N = 1 t 3 - ·-











l 1 ti F 0 R '1 A T ( l H u t F 1 0 • 3 t 8 X t F S • 2 , ;:- 6 • 2 , 7 X , F 6 • 3 ) 
lC CCi·,TINUE - . 
CALL EXIT ___ _, '" -- -
ENC 
SAMPLE SOLUTION 
MACH .NU~8ER SOLUTIO~ 3 · 
WALL STATIC PRESSURE ~EASLRE~ENTS 
! 
t" STAG.PRESSURE DISPLACE~ENTS · ~ACH NUMBE~ 
LES/SO.IN --HOR.X 
0
VER .• Y 
40.24U 15.00 2u.OO 
55.34G 1 6 • G G 2 C:. 0 C• 2.222 







INSTRUCTION PROGRAM FOR EQU. 1. 43 
r; E 1-1 l ~· 
qEi\L ~·,ACd 
k[Al K 
FITOT FFESSURl CALIBRtT!ON 
K=l.4 
WRIT£(5t2JJ) 
2CC F0f;~ATC1H1t'FITOT PRlSSURE RAKE MEASLREME~lS'l 
WRITEC5t21ul 
2 1 c I- 0 fi ~· /i. T ( 1 h (. ' ' s 1 fl. G • p R E ~ s lJ R I:. c I s F L A c E rJ E I\' 1 ~ fl t. ( I- f\ L r' l! f r ' ' I I ' 1 ,_ ' 
C' LBS/~Q.IN HOR.X VER.Y') 








AC=< (K+1.Cl*P'*•2.Ll) · 
AE=AC/AD 
AF = (.A A* ( R AT** CK - l • C J 1 * CA E * * ( -K ) l ) +A e 











-----. ---- - -·--------~-·· ~ ·------
MACH NUMBER S~LUTIO~ 2 
FITCT PRESSURE RAKE MEASUREME~TS 
STAG.PRESSURE DI SPL ACE"lENTS 1'1ACH NUf~2t:~ 
LeS/SQ.If\1 HOR.X \iER. Y 
58.670 15.0J 2") .00 2.772 
23.80C 16. cc.. 2 r. cu 3.235 
59.670 15.0u 2J. Q;,,, 2.776 
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INSTRUCTION PROGRAM FOR EQU. 1·44 




K= l. 4 
~RITE(5,15t..l 
15J FoR~AT<1H1,•sTAGNATIO~ PRESSUR£ CALIBRATION ON C~NTRE-LI\L•) 
t..RITE(5,2lU 
2JJ FOR~ATClhur• HORIZONTAL DISPLACEMENT MACH ~UMBER ST~~ 
CPRESSURES ERRCR',//rl~ •' INCHES FROM T~RotT 
C COR~ECT RECORuEU ' ·PC-PR') 
















SA= ( r~ AC H- ""! ) 
IF<BA-0.01l11Ct11(tl2C 
1 2 0 '1 = r'] A C H 






·21l FOtit~Arc1;,o,F14.2,1sx,F&.3tlOX.F6.3t4XtF6.3,cXtF6.3,• LEs1:"'.: ·', 




MACH NUMBER SOLUTION 1 
~TAENATION FRESSURE CALIB~ATION C~ CENTRE-LI~£ 
HORIZONTAL DISPLACEMENT 





MACH NU'~ BER 
2. 56? ' 
2.5(:2 
3 .• 083 
STAG:J~ TI ON P~Ess...,'{::s 
CORRECT R tCO ~ l: EL 





1.12 THE PRINCIPLE OF SUPERSONIC DIFFUSERS 
Consider perfectly isentropic supersonic flow. whereby the fluid is accelerated 
to sonic velocity at the nozzle throat and.then to the predetermined supersonic 
velocity in the wind-tunnel test-section. Complete static pressure regain is 
achieved by slowing down the flow isentropically to sonic velocity at the 
diffuser throat ~nd then to the original stagnation pressure in the divergent 
duct. It follows that the nozzle and diffuser throats must be the same and 
that the wind-tunnel could run at design conditions indefinitely. 
However, even for this theoretically perfect system, difficulties arise during 
start-up. In order to initiate flow in the tunnel, a pressure difference must 
be maintained across the system. As mentioned in, Chapter 1, part 1.2, as 
this pressure difference increases, a normal shock developes at the nozzle 
throat when this pressure difference becomes high enough, the shock propagates 
downstream through the diverging portion of the nozzle. Associated with this 
shock is a corresponding loss in stagnation pressure in the system. The result 
is such that the diffuser throat area must be increased to accommodate the flow 
for the worst condition of this normal shock. This worst possible cause, 
involving maximum loss in stagnation pressure, is that of a normal shock in the 













Figure 1· 55 
M<1 
normal soock 
If the diffuser throat area is less than the critical amount the flow will 
chock and the shock will never reach the test-section. 
For a correct diffuser throat area, the normal shock will 'jump' from the 
test-section to the equivalent ar~a in the divergent portion of the diffuser. 
i~e. The shock is 'swallowed' by the diffuser (~ea figure 1.55 (b)). 
In order to maximise the pressure recovery in the diffuser, the initial 
stagnation pressure can be reduced until the normal shock has been moved 
upstream to the diffuser throat, the position at which the shock strength is 
minimum. 
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1.12 FLOW PATTERN IN A PERFECT DIFFUSER 
In practise, the flow within:the supersonic diffuser is much more complicated 
than is initially assumed. 
Firstly, the design of the diffuser is such that positive mach waves are 
generated by the contraction of the diffuser inlet. These weak shocks 
reduce the flow velocity to the diffuser throat. Secondly, the subsequent 
expansion at the diffuser throat leads to a very complicated flow pattern in 
the divergent duct. 
A study of this flow for a particular example is very useful in understanding . 
the properties of stagnation pressure recovery. 
Examplfl: 
Consider a wedge type, two-dimensional supersonic diffuser with an inlet mach 
number of 2,35, a diffuser contraction angle of 3° and an inlet height of 4 
inches. 
The flow patterns, resulting from these dimensions, have been fully deve1"oped 
for decreasing stagnation pressure in figures l.56(a), (b) and (c) respectiva:y. 
--(a) For a critical throat diffuser, the flow pattern developed for m Lili .. 1; ' 
'start-up' is given in figure l.56(a) 
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@ starting conditions 
') . 
......___ 
@ reduced stagnation pressure 
© complete pressure recovery 
FLOW PAT TERN IN 0 IFFUSER 
Figure J .56 
The sharp cornered contraction, at the diffuser inlet, generates oblique 
shocks. These reflect backwards down the converging portion of the nozzle, 
reducing the flow velocity at each meeting. 
A right-running expansion fan, formed at the diffuser throat, merges with the 
left-running oblique shock. (Considering the upper half). The oblique sho~k 
is strengthened by this iner-reaction and the curvature of this shock front 
generates vorticity. In the discrete wave pattern, this phenomenon is 
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represented by slip planes. Wavelets striking the slip planes are in part 
transmitted and part reflected. Thus more and more waves appear in the flow 
field, 'the net result being to distribute the non-uniformities on an ever finer 
scale • At large distances from the .diffuser throat, the flow can be 
. considered as uniform • 
. Eventually a normal shock will revert the whole flow to subsonic velocity. 
(b) As the stagnation pressure is reduced, (see figure l.56(b)), the normal 
shock moves upstream towards the diffuser throat. The flow irregularities 
caused by the shock-expansion fan inter-reaction are much gBeater here and the 
formation of the normal shock is likely to be upset. 
(c) The maximum reduction in stagnation pressure, so that supersoni~ flow is 
still retained in the test-section is achieved when the normal shock is moved to 
the diffuser throat. This shock will merge with the oblique compression 
waves as in figure l.56(c). 
In the subsonic flow, the unsteadiness in the flow stream i$ quickly dissipated 
by turbulent mixing. of the fulid. 
1.3 OUNDARY LAYER EFFECTS 
Unf ortuna y, viscous effects present in fluids results in boundary layer 
develop~ent and subsequent alterations in the perfect flow patterns. 
Unless separation occurs, or unless there are extraordinary pressure gradients, 
the potential flow external to the boundary layer is substantially independent 
of the boundary-layer flow. The only effect is that the flow streamlines are 
displaced outwards from the wall by the displacement thickness of the boundary 
layer. 
But shock waves in the vicinity of solid boundaries tend to impose such· large 
pressure gradients on the boundary.layer, that the latter is distorted to a 
considerable extent. Also the effects of this inter-reaction is felt .both 
upstream and downstream through the subsonic region of the boundary layer. 
Hence, where shocks must be considered together with a well developsd boundary 
layer, a chan~B in the original shock pattern will occur together with radical 
changes in the anticipated flow pattern. 
Oblique Shocks 
We shall consider that nnly a turbulent boundary layer exists at the point where 
shocks are present in the wind-tunnel. 
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oblique shock 




turbu!en t boundary layer 
'J//1/1///////////////////////////////. 
FIGURE 1. 58 
The incidence ·of an oblique shock upon the boundary layer leads to an increase 
in the pressure in the boundary layer upstream of the shock (see figure~),58). . --
This pressure rise l~ads to a thickening of the boundary layer, and the 
resulting streamline curvature generates compression wavelets that merge 
with the 'reflected shock'. The streamlines turn towards the original direct-
ion, this time generating expa11sion waves. 
shock reducing its strength slightly. 
These interact with the reflected 
The points to be noted here are that the boundary l~yer thickness increases 
considerably after an oblique shock, and that the flow after this reflected 
shock has a slightly greater velocity than anticipated (3). 
Norm3J. Shocks 
Normal shocks produce considerably greater pressure gradients than oblique 
shocks, so that the shock-boundary layer inter~reaction is intensified. 
For a normal shock with a thick boundary layer, there is a series of bi-furcated 
normal shocks with the normal segment growing progressively shorter, until the 
stream is essentially subsonic (3) (See figure J..59). 
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The duct cross-section is ultimately refilled by turbulent mixing of the fluid. 
1.14 SUPERSONIC WIND-TUNNEL EFFit1ENCY 
A measure of the usefulness of the su~sonic diffusers may be defined by their 
efficiency. 






'; .. '•· ; .. 
h 
s 
FIGURE 1. 63 
4 1: Isentropic acceleration of the fluid from zero velocity, with decreas-
ing pressure and enthalpy. 
1 2i Pressure regain, but with an increase in entropy across the ncirmal 
shock. 





~h) represents· the enthalpy gain due to the normal shocks in tha s 
efficiency is given as: 
~h)s 
h3 hl 
= = h2 h . 
v12/2 1 
• . . • . • . . . . • . • . . . • . . . . .. . . . . . • • . . • . • . 1. 51 
The efficiency is defined as the ratio of the energy recovered by supersonic: 
and subsonic diffusion, over the total kinetic energy ·of the fluid. 
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This may be rewritten as: 
- 1 .................... 1.53 (lS-21 m12 .;. 1) f( d = 
~ 
2 
The equation in this form is very useful becau~e the wind-tunnel efficfency is 
defined in terms of the test-section Mach number and the stagnation pressure 
ratio across the system 
The enthalpy-entropy diagram for the complete sind-tunnel system is given in 
figure 1.64 assuming 100% efficient subsonic diffuser and neglecting boundary 





FIGURE 1. 64 
i.e. The flow in the system is isentropic except for the formation of the 
normal shock in the diffuser. 
The entropy increase related to the stagnation pressure loss across this 





I e .................................. 1.54 
The factors that may influence the wind-tunnel efficiency in relation to the 
'perfect' system are given below: 
Oblique Shocks 
An increase in entropy is associated with the oblique shock formation present 
because of the model suppor~ sting, the change in tunnel area after the 
. test-section and the contraction of th~ di ffu:i»:ir inlet. the effect is to 
reduce the flow velocity and more points 2, 3 and 4 over t6 the right on_ the 
enthalpy-entropy diagram. 
The final strength. of the normal shock is reduced, but because the air velocity 
in the diffuser throat is also reduced, the degree of pressure recovery should 
not be adversely affected. 
Boundarv Layer 
Th~ entropy increase due to boundary layer growth moves points 1, 2~ 3 and 4 to 
the right on the enthalpy-entropy diagram. There is also a decrease in the 
flow Mach number. (The free flow area is reduced by the displacement thickness 
of the boundary layer) 
Although the reduced normal shock strength is advantageous, the necessary 
increase in the critical diffuser throat area, to allow this shock to pass, is 
a distinct disadvantage. 
The result is that the degree of pressure recovery is greatly impared. 
Subsonic Diffuser 
It is very unlikely that the flow in the subsonic diffuser will be isentropic. 
Turbulence viscous effects and noise reducing screens, etc, will increase the 
stagnation pressure loss. Hence point 6, on the enthalpy-entropy diagram, 
will be moved to the right and the degree of subsonic static pressure recovery 
(Ps - P5 ), will be reduced 
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2.1 DEFLECTION EQUATION FDR A UNIFORmLY LOADED B~Am 
+ vs bending moment 
+ vs deflection 
) 
A 
Taking moments about A: 
. . . R - 21 B - + (J .L.l 1 2 
Taking moments about 8 
CJ u 
+ 2 2 
= 




Derivation of deflection eguations: 
O<X<l: 
x sm + CJ1 x. 2 - RA x = o 
= 8.IYl 
This equation must be integrated twice to find the deflection equation: 
EI £l'.. = (- CJ21 ). 
dX 
x3 




EI y (- c'.J1 ) x
4 





Where A and 8 are constants of integration. 
l<X<2l 
....................... 
EI :) = BM= ((J;) X
2 
+ (RA -W1 l .(J
2 
[ )X + l2 
2 
To simplify this equation let: 
This equation 




(<J2 ) x3 
3· + 2 
. Eiy /J2 ) 
x4 







to find the 
+ K2 x + c 
K2 
x2 
ex 2 + 
Where C and D are constants of integration. 
Solutions of the constants of integration: 
deflection equation: 
...................... 




The four unknown constants may be found by applying four boundary conditions 
to the above equations. 
l. y = 0 at x = 0 
2. y = 0 at X = 2 l . 
3. dy/dX same for equations 3 and 5 at X = l • 
4. y same for equations 4 and 6 at X = l • 
Applying the first boundary condition to equation 4: 
8 = 0 
Applying the second boundary condition to equation 6: 
1602l 4 9(3 
+ K2 
41 2 
C21 + 0 0 = + Kl -6- 2 + 24 
Substitute in the values of K1 and K 2; and RA: 
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2 4 
D + 2C l = - 3 CJ1 l ............... •· ........................ . 
Applying the third boundary cohdition to equation 3 and 
3 . . . . ··. 3 
(Jl I I 2 A = (J2 I 
---+R-+ 6 6 A 2· 
Eliminating K
1




+ c . 
5 at X = l : 
Applying the final boundary condition to equations 4 and 6 where X = I . 
W1t4 t3 u c 13. [ 2 -- + RA + Al = ( 2) + Kl + K2 z-+ cl + D 24 6 2 12 6 
Substitute in D from equation 7, and eliminate Kl' K2 and. RA• 















3U I 3 
1 
16 
17 lJ l 3 
48 1 r 
These constants may be substituted into equations 4 and 6 to give the 
deflection equ~tions of the beam. 
O<X<l: 
W1 4 RA 3 7 3 _3 W1 3 ) x 





• X + • x3 
12 
+ -4 continued 
l.J2l 3 
- ( -- + 48 
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2.2 DEFLECTION EQUATION FOR A CONCENTRATED LOADED BEAM 
w 
l 1 12 
A c B 
x 
Taking moments about A: 
RB -- llill -- -.................................. 
l 
. Taking moments about B: 
WI - RA! 2 -
tl = W(l - -1 ) 
Derivation of deflection equations: 
O<X< ! 1 : 
2 




Integrate twice to find the deflection equation: 
R X2 
EI. ~ - A + A dX - -2- ................................................ 
R x3 
A EI • y = 6 + AX + B ••••••••••••••••••••••••••••••••••••• : ••••• 
















EI dX7 = s.m =RA x - wx + wll 
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Integrate twice to find the deflection equation 
EI E.y_ = 
dX 
x2 
- (W-R A) 2 + W l 1 X + C • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 5 
x2 
Ely + w l l 2 + ex + o ••••••••••••• ·• • • • • • • • • • • • • • • • • • 6 
Where C and 0 are constants of integration. 
Solutions of the constants of integration: 
Applying the four boundary conditions to these equations to solve the four 
unknowns 
1. y)J(: = 0 at x .= 0 
2. y = 0 at x = 
3. dy/dX is the same for equations 3 and 5 at x = l l. 
4. y is the same for equations 4 and 6 at x = l l. 
Applying the initial conditions: 
·Applying the second condition to equation 6: 
l 3 t 2 
0 = (W - RA) 6 W l 2 - C l ....... •. . . . . . . . . . . . . . . . . . . . . . . . . . . 7 









+ wl 2 
1 
Substituting in RA from equation 2. 
2 
A - C = Wll ............ • ........................ . 
2 
8 
Finally, applyjng the fourth boundary condition to equations 4 and 6 at X = 
Wl t 2 
1 
3 




3 ........................ 9 
l" 
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Subtract this from equation 9: 
Similarly: 
A = 




UJ ( 3 
1 . 
61 
UJ I .3 
1 
6T 
. . • . . . • • • . . • . • . • . • • • . • • . • • . . . . • . . • • . . . . 10 
• • • • • • . . . • • • . • • • • • . • • • • • . • • . . . . • . . . • . . . 11 
The four know solutions to the constants of integration may be substituted 
into equations 4 and 6 to give the complete deflection equations. 
D<X< 11 : 
RA 3 I 
2 
l 1 I I 3 UJ( _l_ 1 Eiy = 6. x ;i. -- --) x 2 3 6! 
Eiy 
11 3 T .x + 
UJ t1 I l I 
3 
2 .X2 - UJ(+ + 6~ ).X 









2.3 PROGRAMME FOR MATRIX SOLUTION 
I NS T RUCTION PROGRAM. 
~nLUl ItiN TO THE DEFLECTION ~ATRIX.FOR THE STATICALLY 
INCETF~M[~ATE BEAM 
n T. ft; E oil S t C N fl C 5 , 6 > , J C 6 > 
P. f l> 0 C 8 , 1 I':· 1 • > < C A C I • J > , J = 1 , 6 } , I = 1 • 5 > 
.1J0 FOPMATC6F10.4l 
Cfll l JlMCAt5t6ti~R.$51),J,5) 
1..IRITE< 5t!iun) 
It ( (• F 0 r Vi f. T ( 1 H (. ' ' T H E J fl c Jt'. L 0 A 0 s R E Q u I R E 0 T 0 1\1 u LL I F y n E F LE c T I 0 f-11 • ) 
t.JP. T T F.: C 5 tl 50 l C I , A C I t 6 l tI = 1 , 5 ) 
l':C FCP.Ml'dClHl:t'LOAD AT POINT •,r2,• is•,Fa.4,• LBS'l 
GO TO . 250 
~ C' l·' R I T ( < 11 , ? C () 
20~ FORM~TC1HOt 1 SOLUTION TO MATRIX REJECTED'> 
GO T(l 25C1 
250 CALL EXIT 
Ef\O 
-. - THE 
. 
CZ L CAO AT 
". 
UlAO AT 
L ClA 0 AT 
LOAD AT 
LOAD AT 
:- • < ~· ...... 
_. 
SO!LUTION OUTPUT · 
JACK lOl'.OS Rt 9Uliff0 TO NULLIFY 
- - - --
.. :1 - -POHH IS-32.2928 LBS· 
: 
POINT 2 Is-31~·1.568 L85 
POHH 3 rs 1.3.72'7t.; LBS 
POINT 4 rs 6D ·5596 LBS 
. : 









3.1 CONTROL UNIT SPECIFICATIONS 
Shut-Down Piston: 
Weight 1,75 lbs 
Frictional Resistance 9,0 lbs. 
Valve: 
Weight 18,5 lbs 
Diaphragm area 12,6 sq.inches 
Travel 0,246 inches. 
Damping Cylinder: 
Bypass Camping Coefficient Type No. CD 
0 123, 711 linear 
1 91,418 lb ft sec 
2 51,569 
3 1,664,441 
4 928,246 non-linear 
5 216,128 





10 29, 372 
14 5,527 
Open 1, 774 
Speed of sound in oil 
3 Where E = bulk modulus = 225 x 10 lbs per sq.inch 
For a S.G of 0,86 for velocite, the density of the oil.Pail = 1,65 slugs 
per cubic ft. 
• • c = 4,430 ft per second 
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3.2 CONTROL COEFFICIENTS AND CONSTANTS 
Valve: 





c D = 
valve.weight= 18,5 lbs. 
gravitational acceleration = 32,2 ft/sec 2 
valve mass flow rate coefficient 
4,7532 x 10-2 lbm ft/sec lbf. 
I 21 2 damping coefficients (lbf sec ft or lbf sec ft ) 
Storage Drum: 
R = universal gas content = 53,3 ft lbf/lb0 R 
Td drum temperature = 550°R 
vd = drum volume = 165 cu ft 
P. = Initial drum pressure = 150 p.s.i.g. 
J. 
Settling Chamber: 
chamber 3 v = settling volume = 4.2 ft s 
chamber 0 T = settling temperature = 550 R s 
Nozzles: 
K - Nozzle mass flow rate coefficient.: 2 -
iYlach Numver K lbm ft
2 
2 sec lbf 
2,0 7' 467 x 10-4 
2,35 5,492 x 10-4 
2,5 4,789 x 10-4 
3,0 2, 973 x 10-4 
3.2 SOLUTION TO CUBIC EQUATION 
The solution to the cubic equation 3.11 may be achieved in two ways: 
1. This equation may be rewritten as: 
3 2 c1x + c2x + c3x + c4 = y 
1';\_ 
This is poltted in figure 3.1 for different damping coefficients. The 
three-· roots are found at y = 0. 
This approach is satisfactory when all the roots are real and one is very large. 
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2. For the more accurate estimation of the roots, especially when the roots 
are imagineFy, the small Olivetti desktop computer may be used. 
The cubic equation must be rewritten as: 
o3 + c12 o2 = 0 





~ ::<1 DOD c -.;;: 
1 
These limitations to the magnitude of the input coefficients may be overcome 
by multiplying the variable 0 by a constant that sufficiently reduces these 
coefficients. The outputs of the computer, which are the roots of this 
equation, must be divided by the constant to bring them to their correct values. 
The following table is a summary of the equation coefficients and the resulting 
roots: 
Damping Coeft. c12 c13 c14· Roots of Character-
lbf is tic Equation ft sec 
0 D,005213xl0 2 d 1i~98~rn 5 -108,0; 
/ 
+ 91,95. + 51,4 -
1 
100 l,793xl0 2 9,074xl0 2 11, 98xl0 5 - 203, 7; 
+ 
+ 12,2 - 75,7. 
1 
1 ODO 1, 746xl0 3 9,074xl0 3 
'5 
11, 98xl0 -1,741; 
+ 
10 ODO 4 4 5 
-2,41- 26,12. 
1, 74lxl0 9, 074xl0 11, 98xl0 . 1 -17' 405; . 
+ 7,87. -2,605-
1 
The instruction programme for the digital computer is given below for 
imaginary roots solution, together with an example of the output data. 
3.4 SOLUTION TO RESPONSE EQUATION 
Example 1: lb Damping coefficient 100,000 ft sec 
From equation 3.12: 
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8 t "l I/ 
tor solution to cubic (" r1 l 
equation 
.) 
c t A + 
s I 0 -... ·. a y D t 
L. I . D t 
d .; r. I 
-
AX AX 
8 t d x 
b i [) + 
v . c ' /\ -' .. 





b x c.; 
.. 
c i c t 
x D I ... 
0 - t1 "' 
c t t ... 
c - -cl /Y 
C.f Io 
8 I c -
I· 
I IZ 
A ./ l . 
1 IZ 
c t B-
C I BI .. 
I \f . z 
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input coordinates · 
converging 
i ttera ti on 
output roots 
... imaginary] imag. -
roots real -
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" ' I. t 
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Co= 10000 lbsfstc 
J • 7 .~ . . . - - - - -
~i·O 09\J .. 1.~; 
. - - - - .. 
0 • 0 0 0 u 1 : ~ ~ 
.. . - - - - ~ -
-7•1f11~7:· .. 
~--~·-. -
- 3 • ::, 7 ~~ .~ t) '.' J .-_·: ~- \. -
-3·513d10J; ~· 
- 3 • :.; 1 3 j ·~ {~ ;: c {, ... . - . 
• - 3 • ~I 1 3 j 4 ~) 1 ~) t• ' 
0•0(10787!.'"; '•' 
-O•COGZ60~f'. ;i, 
-... ~ .. . . - ..... -
I -1·7~118375 A~ - real root - - l • 7 ,': G ·! 7? ;: ;. 
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Applying the boundary conditions to solve the two unknowns: 




........§.. = 0 at t = 0 
dt 
.• ••••••••••••. • ••••••••••••••••• f ••••••••• 1 
•• - 173,995 81 = 2,605 82 ········~·············~·····~········ 2. 





Therefore s1 ~ 0 and s2 ~ Ptotal 
Substitute into the initial equation 
-2,605 t 
e 
• • ps = ptotal - ptotal 
! 
Example 2: lb Damping coefficient 10,000 ft sed 
From equation 3.12 
P 8 -17,405t -(2,605 + 7,87.)t s = ptotal + le + 82e 1 
-(2,605 - 7,87.)t 
+B3e 1 
This equation may be rewritten as: 
ps = ptotal + Ble -17,405t + Be -2,605 sin (7,87t + ijJ) 
Applying the boundary conditions to solve the three unknowns s
1
, 8 and ljJ: 
1. P : 0 at t = O: s 
2. dP s 
dt 
Bl + 8 sin rp = - ptotal • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 3 
= 0 at t = 0: 
0 = -17,405 s1 + (-2,605) B sinljJ 
+ (7,87) 8 cos<JJ •••••••••••••••••••••••••••••• 4 
3. 
d 2P . 
__ s - 0 at t = 0: 
dt 2 -
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+ 8 cos'fJ 2 x (-2,605)x(7,87) 
These th~ee equations may be used to solve for the three unknowns. The 
value of s1 .is very small and may be neglected. 
The final equation may be written as: 
ps = ptotal -
ptotal -2,605 
0,9494 • e ·sin 
( 180x7,87 to+ 71 0 42 ,) 
:'•'I' 
3.5 ffiAGNITUOE SCALE FACTORS 
The maximum values of all the variables in the control analysis are given 
below together with the most suitable scale factors. 
. maxima Chosen scale factors 
ap = 0,1 
sett 
psett = 60 p.s.i.g. 
v.:. I 2 X· = 1,090 ft sec ax = 0,008 
IA 
X = 3,37 ft/sec ax = 2,83 
(Ax•)2 2/ 2 = 11,4 ft sec a(X)2 = 0,8 
I\ 
x = 0,0194 ft ax = 283,0 
a~ = 0 '008 ' 
s 
'.' lb p = 1,140 s in 2 sec 
I\ 
ap = 0,08 p = 100 p.s.i.g. s 
s 
\ 
,, ap = 0,05 
d 
" pd .= 150 p.s.i.g. 
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